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, Abstract. Let X be a product system over a quasi-lattice ordered group. Under 

■ mild hypotheses, we associate to X a C*-algebra which is co-universal for injective 
O I Nica covariant Toeplitz representations of X which preserve the gauge coaction. Under 
D ■ appropriate amenability criteria, this co-universal C*-algebra coincides with the Cuntz- 

■ Nica-P imsner algebra introduced by Sims and Yeend. We prove two key uniqueness 
\^ • theorems, and indicate how to use our theorems to realise a number of reduced crossed 

I products as instances of our co- universal algebras. In each case, it is an easy corollary 
that the Cuntz-Nica-Pimsner algebra is isomorphic to the corresponding full crossed 

■ product. 

o' 

■ 1. Introduction 
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In the late 1970s and early 1980s, Cuntz and Krieger introduced a class of simple 
C*-algebras generated by partial isometrics, now known as the Cuntz-Krieger algebras 
^ ' [7, 8]. In 1997, Pimsner developed a far-reaching generalisation of Cuntz and Krieger's 

*^ . construction by associating to each right-Hilbert A-A bimodule X (also known as a 

C*-correspondence over A) two C*-algebras Tx and Ox (see [27]). The algebras Ox 
tJ" I are direct generalisations of the Cuntz-Krieger algebras, and are now known as Cuntz- 

■ Pimsner algebras while the algebras Tx are generalisations of their Toeplitz extensions. 

^ . Pimsner showed that his construction also generalises crossed products by Z. If a is 

Q I an automorphism of a C*-algebra A, there is a standard way to view A as a right-Hilbert 

A-A bimodule, denoted X = qA, and the Cuntz-Pimsner algebra Ox is isomorphic to 
the crossed product A Z. In general, it makes sense to think of right-Hilbert A-A 
bimodules as generalised endomorphisms of A so that Tx is like a crossed product of A 
5^ I by N and Ox is then like a crossed product by Z. 

In an impressive array of papers [21, 22, 23] Katsura, drawing on insight from graph 
algebras contained in [19], not only expanded Pimsner's theory of C*-algebras associated 
with Hilbert bimodules beyond the case of isometric left actions, but also unified the 
theory of graph algebras and homeomorphism C*-algebras under the term topological 
graphs, and proved (among other things) uniqueness theorems for his algebras. For 
Ox his result says that a Cuntz-Pimsner representation of the bimodule X generates 
an isomorphic copy of Ox precisely when the representation is injective and admits a 
gauge action. This type of result, due in genesis to an Huef and Raeburn [20], is now 
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commonly known as "the gauge-invariant uniqueness theorem," and has proven to be a 
powerful tool for studying analogues of Cuntz-Krieger algebras. 

In another direction that also generalises Pimsner's work, Fowler introduced and 
studied C*-algebras associated to product systems of Hilbert bimodules [18]. Product 
systems over (0, oo) of Hilbert spaces were introduced and studied by Arveson [2], and 
the concept was later generalised to other semigroups by Dinh [9] and Fowler [17]. Just 
as a right-Hilbert A-A bimodule can be thought of as a generalised endomorphism, a 
product system over a semigroup P of right-Hilbert A~A bimodules can be regarded as 
an action of P on A by generalised endomorphisms. To study C*-algebras associated 
to such objects. Fowler followed the lead of Nica [26] who had developed Toephtz-type 
algebras for nonabelian semigroups P which embed in a group G in such a way as 
to induce what he called a quasi-lattice order. Based on Nica's formulation. Fowler 
associated C*-algebras 7^ov(^) to what he called compactly aligned product systems X 
over quasi-lattice ordered groups {G,P) and established that %ov{X) had much of the 
structure of a twisted crossed product of the coefficient algebra A by the semigroup P, 
with the "twist" coming from X . 

Fowler also associated to each product system a generalised Cuntz-Pimsner algebra 
Ox- However, Ox need not in general be a quotient of Tco^[X). Moreover, the canonical 
homomorphism from A to Ox is, in general, not injective, so there is little hope of a 
gauge-invariant uniqueness theorem. Recently, however, Sims and Yccnd [35] introduced 
what they call the Cuntz-Nica-Pimsncr algebra of a product system X over a quasi- 
lattice ordered group (G, P). This algebra is a quotient of 7^ov(^), and Sims and Yeend 
established that under relatively mild hypotheses the canonical representation of the 
product system X on the Cuntz-Nica-Pimsner algebra MOx is isometric. However, 
they were unable to establish a gauge-invariant uniqueness theorem for MOx- 

The initial purpose of the research presented in this article was to understand and 
describe the fixed-point algebra, called the core, for the canonical coaction of G on HOx-, 
and use this analysis to establish the missing gauge-invariant uniqueness theorem. Since 
MOx is defined for pairs (G, P) in which G need not be abclian, Katsura's gauge action 
of T, equivalcntly seen as a coaction of Z, must be replaced by a coaction of G. 

We analyse the core in Section 3 and we subsequently prove a gauge-invariant unique- 
ness theorem in Corollary 4.11. This result is quite far-reaching in itself: in particular, 
it enables us to recover isomorphisms of various full and reduced crossed products — 
ordinary or partial — in the presence of amenability (see Section 5). More importantly, 
for the class of topological higher-rank graphs introduced by Yeend [37] in his generali- 
sation of Katsura's topological graphs from [21], the result is new, and its proof follows 
a rather different path than earlier proofs in other contexts involving product systems 
over f^^. 

However, we do not proceed from the analysis of the core to the gauge-invariant 
uniqueness theorem in the usual fashion, and the main thrust of our results in the later 
sections of the paper deals with what happens when NOx does not satisfy a gauge- 
invariant uniqueness theorem and with the intriguing properties of the quotient HOx 
which does. 
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To discuss the key new idea we introduce in this paper, we first observe that amenabil- 
ity considerations imply that MOx will not, in general, satisfy a gauge- invariant unique- 
ness theorem. Specifically, suppose that (G, P) is a quasi-lattice ordered group such that 
G is not amenable, but every finite subset of P has a supremum under the quasi-lattice 
order (finite- type Artin groups provide examples of this situation). Define a product 
system over P by letting Xp — C for each p. Then MOx is isomorphic to the group C*- 
algebra C*(G), and the quotient map from C*{G) to C*(G) preserves the gauge coaction 
and is injective on the coefficient algebra but is not injective. It is the reduced group 
C*-algebra which satisfies a gauge-invariant uniqueness theorem, but this algebra lacks 
a universal property to induce homomorphisms to which this theorem may be applied. 

Since it is the gauge-invariant uniqueness property we are interested in, we seek an 
analogue of C*(G) to the context of C*-algebras associated to product systems. We 
desire an "intrinsic" definition of our C*-algebra which, like the universal properties of 
other generalisations of Cuntz-Krieger algebras, gives us an effective tool for analysis. 
To this end, our C*-algebra NOx is described in terms of a co-universal property. 
Specifically, in Section 4 we prove that for X in a large class of product systems there 
exists a unique C*-algebra MOx which: (1) is generated by an injective Nica covariant 
Toeplitz representation of X] (2) carries a coaction of G compatible with the canonical 
gauge coaction on Fowler's Tcom{X)] and (3) has the property that given any other G*- 
algebra B generated by an injective Nica covariant representation ip oi X and carrying a 
coaction j3 olG compatible with the gauge coaction, there is a canonical homomorphism 
(p: B ^ HO'x- We also establish that this homomorphism is injective if and only if 
■0 is Cuntz-Nica-Pimsner covariant and /3 is normal. 

We identify amenability hypotheses which imply that the canonical coaction on MOx 
is normal. It then follows from our main theorem that MOx and MOx coincide under 
the same amenability hypotheses. From this we obtain a gauge-invariant uniqueness 
property of the usual form for MOx-, see Corollary 4.11. 

The basic idea of a co-universal property of a C*-algebra has appeared before, notably 
in Exel's work on Fell bundles [14] which we use in our analysis, in Katsura's work [22] 
on C*-algcbras associated to a single bimodulc which our work generalises, and in the 
work of Laca and Crisp-Laca on ToepUtz algebras and their boundary quotients [6, 24]. 
However, this article is, to our knowledge, the first time that the co-universal property 
has been used as the defining property of a C*-algebra. In Section 5 we make extensive 
— and to our knowledge quite novel — use of the defining co-universal property of MOx 
to prove that in various special cases MOx is isomorphic to appropriate reduced crossed- 
product like C*-algebras. In particular, we feel justified in regarding the algebras MOx 
and MOx as reduced- and full twisted crossed products of the algebra A by a generalised 
partial action of the group G. 

We wish to emphasise the power and utility of the co- universal property of MOx- 
In particular, the co-universal property involves only the defining relations of the Nica- 
Toeplitz algebra and not the Cuntz-Pimsner covariance condition introduced in [35]. 
Since this last is a very technical relation, and difficult to check in practice, it is a 
significant advantage of our approach that we do not need to check it in any of our 
applications. In each case, we instead check that the algebra A which we wish to compare 
with MOx is generated by an injective Nica covariant Toephtz representation of X, use 
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the co-universal property to obtain a surjective homomorphism 0: ^4 — > MOxi then 
use properties of A to prove that is injective. Particularly interesting is that when A 
is some sort of reduced crossed product, we then obtain, almost for free, isomorphism of 
the corresponding full crossed product with NOx- The point is that proving directly, for 
example, the isomorphism between MOx and the full crossed product associated with 
Crisp and Laca's boundary quotient algebra would require using the universal properties 
in both directions, and hence checking both the Cuntz-Pimsner relation, and Crisp and 
Laca's elementary relations associated with the essential spectrum of the quasi-lattice 
ordered group. The effort could not be reduced by application of a gauge-invariant 
uniqueness theorem in either direction because such a theorem only applies when the 
full and reduced C*-algebras coincide. 

The results of the paper are organised in three main sections following a preliminaries 
section. In Section 3, we analyse the fixed-point algebra in 7^ov(^) and establish, for a 
large class of product systems, that any representation oiMOx which is injective on the 
coefficient algebra is injective on the whole fixed-point algebra. This answers a question 
of Sims and Yeend [35]. In Section 4, we define MOx prove our uniqueness theorems 
for it. Using Exel's results, we also establish a gauge-invariant uniqueness theorem 
for MOx under appropriate amenability hypotheses. Finally, in Section 5 we use our 
theorems, most notably the co-universal property, to establish for each of a variety of 
reduced crossed-product algebras A an isomorphism of A with NOx for an appropriate 
product system X . We also prove in Section 5 that Katsura's construction of a Hilbert 
bimodule from a topological graph yields, for each compactly aligned topological higher- 
rank graph A in the sense of Yeend, a compactly aligned product system X over of 
Hilbert bimodules, and that for this X, NOx is isomorphic to the C*-algebra of Yeend's 
boundary-path groupoid of A (see [37]). We have included an appendix detailing how 
and when coactions descend to quotients, and when the resulting coaction is normal. 
These results are surely known, but were difficult to locate in the literature, at least in 
the specific context of full coactions with which we deal in this paper. 

Towards the late stages of completing this paper, the second named author learned 
of the possible connection between our work and that of Arveson in [3]. It seems 
that the existence of a co-universal algebra for our systems could probably be derived 
from Arveson's results. Since Arveson's algebras are not obtained constructively we 
believe that our explicit construction and identification of the co-universal algebra is of 
independent interest. We thank Hangfeng Li for pointing us to [3]. 

Acknowledgements. We thank each of Narutaka Ozawa and Iain Raeburn for helpful 

conversations about coactions. We thank Marcelo Laca for helpful discussions about 
quasi-lattice ordered groups and boundary quotient algebras. The first three authors 
acknowledge both the financial support and the stimulating atmosphere of the Fields 
Institute. 

2. Preliminaries 

For a discrete group G we write g i— > iaig) for the canonical inclusion of G as unitaries 
in the full group C*-algebra C*{G). We let Xq denote the left regular representation 
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of G. We denote by A a C*-algebra. An unadorned tensor product of C*-algebras will 
denote the minimal tensor product. 

Much of what follows is a summary of [35, Section 2]. We refer the reader to [4, 25, 33] 
for more detail. 

2.1. Hilbert bimodules. A right-Hilbert A-module is a complex vector space X en- 
dowed with a right A- module structure and an A- valued A-sesquilinear form (■ , •)a 
(*-hnear in the first variable) such that X is complete in the norm ||a;||^ := || (x, 

A map T: X ^ X is said to be adjointable if there is a map T*: X ^ X such that 
{Tx, y)A = {x, T*y)A for all x,y & X. Every adjointable operator on X is norm-bounded 
and linear, and the adjoint T* is unique. The collection C{X) of adjointable operators 
on X endowed with the operator norm is a C*-algcbra. The ideal of generalised compact 
operators }C{X) < C{X) is the closed span of the operators x®y*: z ^ x - {y, z)a where 
X and y range over X. 

A right-Hilbert A-A himodule is a right-Hilbert A module X endowed with a left 
action of A by adjointable operators, which we formalise as a homomorphism 0: A — > 
C{X). Each C*-algebra A is a right-Hilbert A- A bimodule a-^a with actions given by 
multiplication and inner product given by (a, h) i— > a*h. The homomorphism that takes 
a e A to left-multiplication by a on aAa is an isomorphism of A onto K,[aAa)- 

The balanced tensor product X ®a Y of right-Hilbert 74-^4 bimodules X and Y (with 
left actions and p) is the completion of the vector space spanned by elements x ®a y 
where x & X and y & Y subject to the relation x ■ a <S>a y — x <S>a p{o)y-i in the norm 
determined by the inner-product 

{Xi ®A yi, X2 ®A y2)A = (yi, {Xl, X2)a ■ y2)A- 

There is a right action of A on X®aY given by {x^aV) -o, — x(8)A(?/-a). With this Xi^iaY 
is a right-Hilbert A-module. For S G jC.{X), the formula {S ® 1c{y)){x ®a y) = Sx ® y 
determines an adjointable operator on X ®a Y. In particular, there is a left action of A 
on X ®A Y implemented by the homomorphism a h- >■ 0(a) ® ^c{y)- With this, X ®^ Y 
is a right-Hilbert A-A bimodule. 

2.2. Semigroups and product systems of Hilbert bimodules. A product system 
over a unital, discrete semigroup P consists of a semigroup X equipped with a semigroup 
homomorphism d: X ^ P such that Xp := d~^{p) is a right-Hilbert A-A bimodule 

for each p & P, X^. = a^a, and the multiplication on X implements isomorphisms 
Xp ®A — ^pq for p, g e P \ {e} and the right and left actions of X^ = A on each 
Xp. For p e P, we denote the homomorphism of A to JO.{Xp) which implements the left 
action by (pp. We automatically have (f)pq{a){xy) — {(l)p{a)x)y for all x e Xp, y & Xg and 
a e A. 

Given p,q & P with p ^ e, there is a homomorphism l^'^: C{Xp) —>■ C{Xpq) charac- 
terised by 

(2.1) i^l''{S){xy) = {Sx)y for all x e Xp, y e Xq and S G C{Xp). 

Identifying /C(Xe) with A as above, one can also define i^: IC{Xe) ^{^q) simply by 
letting il = (f)q for all q, see [35, §2.2]. 

We will be interested in semigroups arising in quasi-lattice ordered groups in the 
sense of Nica [26]. Given a discrete group G and a subsemigroup P of G such that 
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P n — {e}, we say that (G, P) is a quasi-lattice ordered group if, under the partial 
order g < h g~^h e P, any two elements p,q in G with a common upper bound in 

P have a least common upper bound p V g in P (it follows from [5, Lemma 7] that this 
definition is equivalent to Nica's original definition from [26], which Fowler also uses in 
[18], and to the definition Crisp and Laca use in [5] and [6]). We write pV q — oo to 
indicate that p.q & G have no common upper bound in P, and we write p V q < oo 
otherwise. As is standard, see [26], if p V g < oo for all p,q e P, we say that P is 
directed. 

Given a quasi-lattice ordered group {G,P), a product system X over P is called 
compactly aligned (as in [18, Definition 5.7]) if i^'^{S)i^^'^{T) e /C(Xpvg) whenever 
S G /C(Xp) and T e /C(Xq), and p V g < oo. An explanation is in order here: Fowler 
only defines compactly aligned in the case that each Xp is essential as a left A-module. 
However, since we use i^'^{S) and not S ®a lp-i(pvg) as in [18, Definition 5.7], and since 
these make sense also when p = e, we can work with compactly aligned product systems 
of not necessarily essential bimodules. 

2.3. Representations of product systems. Given a product system X over P, a 
Toephtz representation of X in a C*-algebra P is a map t/j : X ^ B such that: 

(1) for each p, ipp '■= i/j\xp' Xp — > P is linear and ■^e is a homomorphism; 

(2) takes multiplication in X to multiplication in P; and 

(3) ipe{{x,y)^ji) = ipp{x)*ipp{y) for all x,y & Xp (where {x,y)^ denotes the 74-valued 
inner product on Xp). 

In particular, each ipp is a Toeplitz representation of Xp in P, see [18]. A Toeplitz 
representation ip oi X is injective provided that the homomorphism ipe : Xe ^ B is 
injective. Note that property (3) then implies that ipp is an isometry for each p E P. 
In this paper, we will frequently drop the word Toeplitz and refer to a map ip as above 
simply as a representation of X. 

Given a Toeplitz representation of a product system X, there are *-homomorphisms 
ip^'P^ : K,{Xp) B such that ip^\x<^y*) = ipp{x)ipp{y)* for all x,y E Xp (see for example 
[27]). Proposition 2.8 of [18] shows that there is a universal C*-algebra Tx generated 
by a universal Toeplitz representation i of X. 

Now suppose that (G, P) is a quasi-lattice ordered group and X is a compactly aligned 
product system over P. We say that a Toeplitz representation ip oi X is Nica covariant 
if 

^(-)(5)^(^)(r) = h^^^'K'^riSK'iT)) if pVg < oo 
1 otherwise 

for all S e )C{Xp) and T G /C(Xg) (see also [18, Definition 5.7]). Let %oy{X) be the 
quotient of Tx by the ideal generated by the elements 

i(p)(S)i^i\T) - i(P^«)(<'('5)if '(T)) 

where p,qEP,S E /C(Xp), T E /C(Xg), and by convention, iP^9(5)iP^«(T) = if pVg = 
oo. The composition of the quotient map from Tx onto %ov{X) with i is a Nica covariant 
Toeplitz representation ix' X —>■ %ov{X) with the following universal property: if ip 
is a Nica covariant Toeplitz representation of X in P there is a *-homomorphism ijj^ : 
Tcov{X) — > P such that '^*oix — ■0- Thus if X is a compactly ahgned product system 
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of essential Hilbert bimodules, then 7^ov(X) coincides with Fowler's algebra (denoted 
by the same symbol) from [18] defined for not necessarily compactly aligned product 
systems of essential Hilbert bimodules. By an argument similar to [18, Theorem 6.3] we 

have 

(2.2) Teov(X) = span { ix{x)ix{yy \x,yeX}. 

It follows from (2.2) that if the image of a Nica covariant Toeplitz representation xjj of 
X generates 5 as a C*-algebra, then B — span { ip{x)il){y)* \ x,y & X }. 

2.4. The algebra MOx- To define Cuntz-Pimsner covariance of representations, we 
must first summarise some definitions from [35, Section 3]. We say that a predicate 
statement 'P(s) (where s G P) is true for large s if for every q & P there exists r > q 
such that V{s) is true whenever r < s. 

Assume {G, P) is quasi-lattice ordered and X is a compactly aligned product system 
over P. Define le — A, and for each q e P \ {e} write Iq :— ne<p<g ^®^(^p)- then 
write Xq for the right-Hilbert A-A bimodule 

Xg := 0p<g-^p ■ Ip'^q- 

The homomorphism implementing the left action is denoted (j)q. We say that X is 
(p-injective if the homomorphisms (pq are all injective. 

For p ^ q e P we define t^(T) = Oc{Xq) for all T e C{Xp). RecaUing the definitions 

of the maps from Section 2.2, we then have homomorphisms : jC{Xp) — > C{Xq) for 
all p,qeP with p ^ e defined by t|(r) = 0^<^ l^T) for all p,qeP with p ^ e. When 

p — e, similar to the above there is a homomorphism 11 : ]C{Xe) — > jC{Xq). 

Suppose that X is (6-injective. We say that a Nica covariant Toeplitz representation 
oi X in a C*-algebra B is Cuntz-Nica-Pimsner covariant (or CNP- covariant) if it has 

the following property: 

"^p^F '4'^\Tp) = Ob whenever F C P is finite, Tp e }C{Xp) for each p & F, and 
EpeF'^^(7;) = 0for large g. 

As in [35, Proposition 3.12], if X is 0-injective, we write MOx for the universal 
C*-algebra generated by a CNP-covariant representation jx of X, and call it the Cuntz- 
Nica-Pimsner algebra of X. By [35, Remark 4.2], the hypothesis that X is 0-injective 
ensures that jx is an injective representation. By [35, Theorem 4.1], X is 0-injective 
(and hence MOx is defined and jx is an injective representation) whenever each 0p is 
injective, and also whenever each bounded subset of P has a maximal element. 

3. Analysis of the core 

In this section we lay the foundation for the proof of our main result Theorem 4.1. To 
do this we shall analyse the fixed-point algebra of Tco^(X) under a canonical coaction 
5. As a corollary we show that under certain conditions MOx satisfies criterion (B) of 
[35, Section 1]. Throughout the rest of the article, we write Q'cnp: ^ov(-'^) MOx for 
the canonical surjection arising from the universal property of 7^ov(-'^)- 
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Lemma 3.1. Let {G, P) be a quasi-lattice ordered group and let X be a product system 
over P of right-Hilbert A-A bimodules. Let ip: X ^ B be a Toeplitz representation of 
X. Then: 

(1) Ifp<teP,Te IC{Xp), and x e Xt, then ^t(4(T)(a;)) = V^(p)(T)V't(a:); 

(2) Ift<r<seP,Te IC{Xr), andx-aeXf h-^s, then i/''\T)^Jt{x • a) = 0. 

Proof. (1) U p = e then (1) follows from the observations that /C(Xe) = A and 4 := (pt, 
so suppose p e. Since span{ xy \ x E Xp, y e Xp-i^ } is dense in Xt, and since 
span{w ® z* \ w, z E Xp} is dense in JC{Xp), to prove (1) it suffices to show that for 
x,w,z E Xp and y e Xp-i^ we have 

MH'^ ® = -0^^^ ® z*)i)tixy). 

Using (2.1), we calculate: 

iJt{il{w z*){xy)) =i)p{w- {z,x)\)i}p~it{y) 

= '^p{w)i^e{{z,xf^)ijp-H{y) 

= il)^''\w ® z*)il)t{xy) 

as required in (1). 

(2) lit — e then x • a E Is, so x ■ a E ker(0j.)- By using that lC{Xr) = span {y <^ z* : 
x,y eXr} one easily checks that ij^(b)w^''\S) = ^(''^ (0^(6)5) for 6 e and ,5 e ]C{Xr). 
By taking adjoints and letting b — {x ■ a)* and S — T*, it follows that 

ilj^'-\T)ilj^{x ■ a) = 'il^^''\T(t)r{x ■ a)) = 0. 

Now suppose t ^ e. Fix y G Xt, z G Xt-ir, and v G Xr. It suffices to show that 
(g) {yz)*)ipt{x • a) = 0. Since a G h-^s = ne<g<t-is ker(05), we have (pt-^ria) = 0, 
and hence 

ip^''\v (g) {yzy)ipt{x ■ a) = 'tpr{v)i!t-^riz)*iJtiyT'ipti^ ■ «) 

= A{v)A-^r{zyilJei{y, X ■ a)*^) 

= i/jr{v){Ma*{x,y)\)iJt-ir{z)y 

= A{v)A-^r{(l>t-^r{a* {x,y)A)zT 

= '0r(^^)V't-ir(</'t-ir(a)*0t-ir((a^, y>A)^)* 

= 0. □ 

Lemma 3.1(2) says, roug hly, if r G tP\{t}, then V'^^'H^) e ^ annihilates iptiXf It-^s) 
whenever s G rP. The next corollary says that when X is compactly aligned and is 
Nica covariant, we can replace the requirement that r E tP\ {t} with the much weaker 
requirement that t ^ rP, and that s is a common upper bound for t and r. 

Corollary 3.2. Let {G, P) he a quasi-lattice ordered group and let X he a compactly 
aligned product system over P of right-Hilbert A-A bimodules. Let ip: X ^ B be a Nica 
covariant representation of X. Suppose p,t < s G P and p ^ t. Then for T G lC{Xp) 
and X • a G Xt ■ It-Is, we have 'il)^\T)'ipt{x • a) = 0. 
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Proof. Let {Ek)keK be an approximate identity for ]C{Xt ■ It-^s)- Since p,t < s, we have 
p V t < oo. Hence Nica covariance and the fact that each G }C{Xt) imply that 

^lj^\T)^ljt{x ■ a) = \imi,^^\T)i^t{Ek{x ■ a)) 

= \imip^P\T)i}^^\Ek)i't{x ■ a) 

k&K 
k&K 



Since p forces t < p\/t and since pVi < s, the result now follows from statement (2) 
of Lemma 3.1. □ 

Lemma 3.3. Let {G, P) be a quasi-lattice ordered group and let X be a compactly aligned 
product system over P of right-Hilbert A-A bimodules. Suppose either that the left action 
on each fibre is by injective homomorphisms, or that P is directed. Let ip: X ^ B be an 
injective Nica covariant representation of X. Fix a finite subset F d P and fix operators 
Tp e K:{Xp) for each p e F satisfying EpeF^^^K^p) = 0- Then Y^peF^CTp) = for 
large s. 

Proof. Fix q E P. We must show that there exists r > q such that for every s > r, we 

have EpGF^;(^p) = 0/;(x.)- 

List the elements of F as pi, . . . ,p\F\- Define Tq := q, and inductively, for 1 < i < |F|, 
define 

ri_iypi ifrj„iVpi<oo 
Tj-i otherwise. 



Set r := r\F\, and note that this satisfies r > q. With no extra assumptions on the 
quasi-lattice ordered group we also have r > p whenever p E F satisfies r V p < oo. If 
P is directed then r = g V ( \/p^pp), and is an upper bound for F. 

Let s > r. To show that Y.p&F^pi'^p) = Y^peF (0t<s4(^p)) ^'^^^^ 
operator on Xs = 0j<3 Xt ■ h-^s we shall prove that T.peF,p<t 4(^p) l^t-i.-i, = Qc{Xrit-i,) 
for each t < s. Indeed, ior x ■ a & Xt ■ It-^si using Lemma 3.1(1) we have 

MT.peF,p<t^P^Tp){x ■ a)) = T.peF,p<tM'^piTp){x ■ a)) 

(3.1) =EpeF,p<*^^"nWt(^-«)- 

We claim that (3.1) is equal to '^pf^p "'p^^\Tp)'ipt{x ■ a). We will establish this claim 
under each of the additional hypotheses of the lemma. Note that the claim comes down 
to proving 

(3.2) ilj'-P\Tp)ilJt{x -a) = Oiipe F,p^t. 

Suppose that the 0p are injective. Then It-ig = for t < s, and so a = in (3.2) 
unless t = s. Thus it suffices in this case to show that ^(p)(Tp)^,(a;) = for Tp e IC{Xp) 
and X E Xg. By choice of r and s and the assumption p ^ s, we necessarily have 
p V s = oo. Let {Ek)keK be an approximate identity for ]C{Xs). By Nica covariance, 
il;^\Tp)'il;,{x) = limkeKip^''KTp)'il;('\Ek)Mx) = 0. 
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Now suppose that P is directed. Then p < r < s and equation (3.2) follows from 
Corollary 3.2. 

Thus we have in both cases that ipti^p^p p<t ''\)i'^p)i^ ' '^)) ~ J2peF^''^\'^p)^ti^ ' '^)- 
Since this last sum is equal to by hypothesis, and since the representation ip is injective, 
so that in particular every ipt is injective, it follows that J2peFp<t^pi'^p)i-'^ ■ a) = 0, as 
needed. □ 

Remark 3.4. The hypotheses that either the left actions are all injective, or P is directed 
are genuinely necessary in Lemma 3.3; see Example 3.9. 

Let (G, P) be a quasi-lattice ordered group and let X be a compactly aligned product 
system over P of right-Hilbert A-A bimodules. It follows (see [18, Proposition 5.10]) 
from the Nica-covariance of ix that 

(3.3) := span { ix{,x)ix{y)* | x, y G X, d{x) = d{y) } 

is closed under multiplication, and thus that it is a C*-subalgebra of T^o-viX). We call 
this subalgebra the core of T^ov (X) • 

For any discrete group G there is a homomorphism 5g' C*{G) C*{G) ® C*{G) 
given by Saig) — ioid) ® '^cio)- Recall that a full coaction of G on a C*-algebra A is an 
injective homomorphism S: A ^ A^ C*{G) which is nondegenerate (in the sense that 
span 6{A){A(^C*{G)) = A(^C*{G)) and satisfies the coaction identity (5®idc*(G))o5 = 
(id^ ®^g) (see, for example, [29]. All coactions in this paper are full. The generalised 
fixed-point algebra of A with respect to S is A^ :— {a E A \ 6{a) — a<Si ici^)}- 

We will now show that there is a coaction of G on %ov[X) whose generalised fixed- 
point algebra is equal to the core JF. For Fowler's Tcov{X) associated to a not-necessarily 
compactly aligned product system over P of essential A-A bimodules (where {G, P) is 
quasi-lattice ordered). Proposition 4.7 in [18] and the discussion preceding [18, Theorem 
6.3] imply the existence of a coaction with similar properties as S in the next result. We 
present a different and more direct proof here. 

Proposition 3.5. Let {G, P) be a quasi-lattice ordered group and let X be a compactly 

aligned product system over P of right-Hilbert A-A bimodules. Then there is a coaction 
6 of G on Tco^{X) such that 6{ix{x)) = ix{x) ® iG{d{x)) for all x E X. 

Proof. Let ip : X ^ %ov{X) ^ G* {G) be the map x i— >• ix{x)^iG{d{x)). It is straightfor- 
ward to check that ^0 is a Nica covariant representation oiX. It follows from the universal 
property of %ov{X) that there is a *-homomorphism S : %ov{X) — > %oy{X) (g) G*{G) 
such that 5{ix{x)) — '^{x) — ix{x) ® iG{d{x)) for all x E X. We will show that 5 is a 
coaction. 

We first show that 5 is nondegenerate. Let (6'A)AeA be an approximate identity for 
T. We claim that (6'A)AeA is also an approximate identity for %av{X). Since %ov{X) 
is the closure of the span of elements of the form ix{x)ix{y)* , it suffices to show that 
()\ix{.x)ix{y)* — ^ ix{x)ix{y)* for all x.y G X. Fix x,y E X and let p = d{x) G P. By 
[33, Proposition 2.31] we may write x = z- {z, z)^^ = {z^z*){z) for some z E X, and then 

ix{x)ix{yy = ix\z ® z*)ix{z)ix{yy. Since i^p{z O z*) E we have d^i^^iz ® -2*) 
ix\z z*), and hence Oxix{x)ix{y)* ix{x)ix{y)* as claimed. Since 5{0x) = 9x®l 
for each A G A, the approximate identity (^A)AeA is mapped under 5 to an approximate 
identity for %o^{X) ® G*{G), and it follows that span 5{%oyiX)){%oyiX) G*{G)) = 
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%oy{X) (8) C*{G). By checking on generators, it is easy to see that S satisfies the 
coaction identity (5®idc*(G)) = {idji.^^(^x) ®^g) and S is injective since idrcov(Jf) — 
(idrcov(x) o S where e : C*{G) ^ C is the integrated form of the representation 
g^l. □ 

We call the above coaction 5 of G on %oy{X) for the gauge coaction on Tcov{X). It 
follows from equation (2.2) that the generalised fixed-point algebra %oy{X)l = {a e 
%oy{X) \ S{a) ~ a <Si ioi^) } is equal to the core J^. 

Since i^^: }C{Xp) — >• Tx satisfies ix\x y*) — ix{x)ix{y)* and each lC{Xp) — 
span {x ®y* | y e } by definition, we have 

(3.4) T = span { i^${T) | p e P and T e /C(Xp) }. 

We say that a subset F of P is M -closed if, whenever p,q ^ F satisfy pM q < oo, wc 
have pM q & F . Let V^^{P) denote the set of finite V-closed subsets of P; then V^^{P) 
is directed under set inclusion (see [18, p. 367]). If F e ^fin(-P) is bounded, then \J p^pP 
is a maximal element in F. 

For p e P,we write Bp for the C*-subalgebra i^^(/C(Xp)) C Tcov{X). For each finite 
V-closed subset F of P, we denote by Bp the hnear subspace 

(3.5) Bp EpepBp = { Ep^F 4\Tp) I Tp e JCiXp) for each p e P } C %,y{X). 
Equation (3.4) implies that 

(3.6) :F = U^^^v^^^^ Bp. 

Lemma 3.6. Let {G, P) be a quasi-lattice ordered group and let X be a compactly aligned 
product system over P of right- Hilbert, A-A bimodules. For each finite \J -closed subset 
F of P, the space Bp is a C*-subalgebra of J-'. 

Proof. Fix a finite V-closed subset P of P. Then Bp is a subspace of J-' by definition. 
One can check on spanning elements that it is closed under adjoints and multiplication 
(for the latter, one uses the Nica covariance of the universal representation ix of X in 

%ov{X)). It therefore suffices to show that Bp is norm-closed. 

We proceed by induction on |P|. If |P| = 1, then P = {p} for some p E P, and then 
Bp = Bp = i%\lC{Xp)) is the range of a C*-homomorphism and hence closed. 

Now suppose that Bp is closed whenever |P| < k. Suppose that P C P is V-closed 
with |P| = A; -|- 1. Since P is finite, we may fix an element m of P which is minimal in 
the sense that for p E F \ {m}, we have p ^ m. The sets {m} and P \ {m} are both 
finite and V-closed, and it follows from our induction hypothesis that B.^ and Bp\j^rn} 
are C*-subalgebras of JF. For p E F \ {m}, we have p ^ m by choice of m and it follows 
that if p V m < oo, then p V m e P \ {m}. Hence for S e }C{Xp) and T e JC{Xjji), we 
have 

Similarly, i^^\T)i^p (S) G Bp^^j^y, so by linearity, ah, ha e Bp\s^rn} for all a E Bpy^^n} and 
b E Bjn- Corollary 1.8.4 of [10] now shows that Bp — B^ -\- Bp^^^rn} is norm closed. □ 

The following proposition is the key technical result which we will use in the proof of 
our main theorem in the next section. 
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Proposition 3.7. Let {G, P) be a quasi-lattice ordered group and let X be a compactly 
aligned product system over P of right-Hilbert A-A bimodules. Suppose either that the 
left action on each fibre is by injective homomorphisms, or that P is directed. Let 
ip: X ^ B be an injective Nica covariant representation of X and let ip^ : %ov{X) — > B 
be the homomorphism characterised by ip = ip* ° ix- Then hsiiij)^) n C ker(gcNp)- 

Proof. By [1, Lemma 1.3], equation (3.6) and Lemma 3.6, it suffices to show that 
ker(V;,) nBp C ker(5cNp) for each F e V^^{P). For this, we fix F e V^J^P) and 
generahsed compact operators Tp e K,{Xp) for p e F, so that c := X]pGF^x^(^p) ^ 
typical element of Bp. Suppose that c G kcr we must show that c G ker((3'cNp) as 
weh. Since the representation ijj is injective, Lemma 3.3 imphes that XlpgF '•p(-^p) ~ 
for large s in the sense of [35, Definition 3.8]. Since jx is CNP-covariant, it follows that 

as well, so c e ker(gcNp) as required. □ 

Wc now have enough machinery to confirm that MOx indeed satifics criterion (B) of 
[35, Section 1] when the left actions on the fibres of X are all injective, or P is directed. 
One could use the following theorem to prove directly a gauge-invariant uniqueness 
theorem for NOx when G is amenable, but since this will be an easy corollary of our 
more general main result, we will not pursue this line of attack. Recall from [35] that 
HOx has the following universal property: for each CNP-covariant representation of 
X there is a homomorphism H'^ such that 11'^ ° jx = 

Theorem 3.8. Let (G, P) be a quasi-lattice ordered group and let X be a compactly 
aligned product system over P of right-Hilbert A-A bimodules. Assume either that the 
left actions on the fibres of X are all injective, or that P is directed and X is (p- injective. 
Let ip: X ^ B be a CNP-covariant representation of X in a G* -algebra B. Then the 
induced homomorphism Hip : MOx B is injective on gcNp(-^) if o-nd only if ip is 
injective as a Toeplitz representation. 

Proof. Suppose that Hip is injective on gcNp(.^)- By [35, Theorem4.1], jx is injective 
on A. Hence ipe = Hip o {jx)e is also injective, and thus ip is an injective Toeplitz 
representation. 

Now suppose that ip is injective as a Toeplitz representation; we must show that Hip 
is injective on gcNp(-^)- By definition of ^fOx and of Hip, we have Hip o gcNP = i^*- 
Proposition 3.7 therefore implies that ker(n'0 o gcNp) r\ J- G ker(gcNp)- Hence H^ is 
injective on gcNp(-^) as claimed. □ 

Example 3.9. We present an example of a product system X in which the left actions 
are not injective, and P is not directed, and the conclusion of Lemma 3.3 fails. It is 
easy to see that the conclusions of Proposition 3.7 and Theorem 3.8 both fail in this 
example (see also Remark 4.2). 

Let the quasi-lattice ordered group be {G,P) = (F2,F^), and denote by a and b the 
generators of F^. Define a product system over F^ by = C for n G N and Xp = for 
all other elements of Fj. This is compactly aligned since jC{Xp) = )C{Xp) for each p, but 
the left actions are not all injective (and aVb — oo). Define ip: X ^ C by ipp{x) — x for 
X & Xp and p G Fg . Then is an injective Nica covariant Toephtz representation of X. 



CO-UNIVERSAL ALGEBRAS OF PRODUCT SYSTEMS 



13 



Let Ip be the identity in C{Xp) for each p, and note that Ig G lC{Xe) and !„ e lC{Xa). 

We have that V'^^^le) = ^'^"HW = 1, so V^^Hle) - V'^^Hla) = 0. However, we claim 
that ts(le) — ?s(la) equal to for large s. Indeed, note that 




if g = a" for some n e N 
C otherwise 



for e P \ {e}. It follows that if q>b, then X^- Iq — Xg, and so 

which shows that ^^(le) — '^s(la) 7^ for all s > 6. 

4. The co-universal C*-algebra and the uniqueness theorems 

We begin this section with our main theorem. Before stating it, we introduce some 
terminology: given a quasi-lattice ordered group (G, P) and a product system X over P 
of right-Hilbert A- A bimodules, a Toeplitz representation -0 : X — > S is gauge- compatible 
if there is a coaction P of G on B such that 

(4.1) f^ii^ix)) = iIj{x) ® iG{d{x)) for all x E X. 

Suppose that ipi : X ^ Bi and ip2 '■ X ^ B2 are two gauge-compatible Toeplitz 
representations of X, that is a coaction of G on Bi satisfying /3i{ipi{x)) — ipi{x) (8) 
iG{d{x)) for all X G X and i = 1,2, and that : i?i — i?2 is a *-homomorphism satisfying 
(poipi = il)2. Then is equivariant for j3i and /92, meaning that {(l)®i(^.c*{G))° f^i = l32°4'- 

Since our main result depends on the technical hypothesis that X is 0-injective, we 
emphasise that the results of [35] imply that this is automatic whenever either the left 
actions on the fibres of X are all injective or every bounded subset of P has a maximal 
element. 

Theorem 4.1. Let {G,P) be a quasi-lattice ordered group and X a compactly aligned 
product system over P of right-Hilbert A-A bimodules. Suppose either that the left action 
on each fibre is injective, or that P is directed and X is (p -injective. Then there exists a 
triple {J\fOx,jx, which is co-universal for gauge- compatible injective Nica covariant 
representations of X in the following sense: 

(1) HOx is a C*-algebra, jx is an injective Nica covariant representation of X 
whose image generates MOx, and z/" is a coaction of G on NOx such that 
= fxi^) ® icidix)) for all x e X . 
{2) If Ip: X — >• B is an injective Nica covariant gauge-compatible representation 
whose image generates B then there is a surjective *-homomorphism (p: B ^ 
NOx that (l){ip{x)) = jx{x) for all x E X. 
Moreover, the representation fx is CNP- covariant, the coaction z/" is normal, and 
{J\fOx,jx,i^"') is the unique triple satisfying (1) and (2): if {C,p,^) satisfies the same 
two conditions, then there is an isomorphism : C — > NOx such that jx = 4'° P and (p 
is equivariant for 7 and i^". 

Remark 4.2. Although Example 3.9 does not satisfy the assumptions of Theorem 3.8, 
it nevertheless does admit a co-universal algebra as described in Theorem 4.1; but this 
co-universal algebra is a proper quotient of the algebra NOx that we shall construct 
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later. Specifically, it is not difficult to see that every Toeplitz representation of the 
system X described in Example 3.9 is automatically Nica covariant, and that there is 
a bijective correspondence between Toeplitz representations of X and Toeplitz repre- 
sentations of Xa which takes injective representations to injective representations and 
gauge-compatible representations to gauge-compatible representations. It thus follows 
that both the Toeplitz algebra and the covariant Toeplitz algebra of X are equal to the 
classical Toeplitz algebra T (generated by a single isometry), and that C(T) has the 
co-universal property described in Theorem 4.1 with respect to the system X. More- 
over, one can check that the Toephtz representation of X into T is CNP-covariant, and 
it thus follows that AfOx, and hence also the AfOx which we will construct later, are 
both isomorphic to T and not to C(T). 

To prove Theorem 4.1, we first need to recall a few facts about Fell bundles and their 

C*-algebras, and about coactions. The main reference to Fell bundles and properties of 
the full cross-sectional algebra of a bundle is [16, Section Vlll.17.2]. For the relationship 
between topologically graded C*-algebras and C*-algebras associated to Fell bundles, in 
particular the reduced C*-algebra of a bundle, we refer to [14]. The connection between 
discrete coactions and Fell bundles was explored in [29]. In [29, Definition 3.5], Quigg 
introduced a reduced C*-algebra of a Fell bundle together with a coaction. The subtle 
point that the reduced constructions from [14] and [29] are compatible (although far 
from obviously so) was clarified in [13, page 749]. 

Notation 4.3. Suppose that 5 is a coaction of a discrete group G on a C*-algebra A. 
For every g e G , let Ag :—{ a e A \ 5{a) — a <Si iaig) } be the spectral subspace of A at 
g. By [29], the disjoint union of the spectral subspaces Ag x {^f} ior g e G forms a Fell 
bundle over G, which we call the Fell bundle associated to S (see [13, page 748]). 

Conversely, if {A, G) is a Fell bundle then it follows from [29, Proposition 3.3] that 
there is a canonical coaction 5_4 on the full cross-sectional algebra G*{A) such that 
^A{(^g) — dg® iaig) for all Ug in the fiber of A over g and all g in G. 

If {A, G) is a Fell bundle over G and A a cross-sectional algebra of {A, G) (in the sense 
that A is a C*-completion of the algebra of finitely supported sections on A)^ then we 
say that A is topologically graded if there exists a contractive conditional expectation 
from A to A^. which vanishes on Ag for each g G G \ {e} (see [14, Definition 3.4]). 
The reduced cross-sectional algebra G*{A) defined in [14] was shown to be minimal 
among topologically graded cross-sectional algebras A. To be more precise, if A is any 
topologically graded cross-sectional algebra of {A.G), [14, Theorem 3.3] shows that 
there exists a surjective homomorphism A_4 : A — > C*{A) such that Xa°Va = i^A where 
r^^ and «;_4 are the embeddings of the algebra of finitely supported sections on A into A 
and C*{A), respectively. On the other hand, the universal property of G*{A) (see [16, 
VIII. 16. 11]) gives a surjective homomorphism 

(4.2) cj>A:C*iA)^A 

such that (f>A° lA = Va where 7^ is the embedding of the algebra of finitely supported 
sections on A into G*{A). 

If 5 is a coaction of G on ^4 and {A, G) is the Fell bundle associated to 5, it follows 
from [29, Lemma 1.3] (see also [13, page 749]) that A is a topologically graded cross- 
sectional algebra of A. We shall adopt the notation for the reduced cross-sectional 
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algebra of the bundle {A, G) arising from the coaction S on A. (We choose not to cram 
5 into the notation for the sake of readability: the coaction 5 will always be clear 
from context.) By the considerations of the previous paragraph applied to A and C*{A), 
there are surjective homomorphisms 

(4.3) Xj^: A^A^ and : C* {A) A' 

such that Xa^iIa — i^a ^-nd °^a — i^a] ^-nd hence o = A^ (see, for example, 
[13]). 

As explained in [13, page 749], A^ (defined by its minimality, or co-universal property) 
is the same as the reduced algebra from [29] associated to {A, G) . By [29, Definition 
3.5], there exists a coaction 5" (the n stands for "normal"; see Remark 4.4) on A^ with 
the property that 

(4.4) <^"(A.A(a,)) = XA{ag) ® iaig) for all a, e 4. 

Recall that a coaction of G on a C*-algebra C is called normal if (id ® Ac) ® r/ is 
injective. Every coaction 77 of G on C has a normalisation: the quotient C" of C by 
ker((id®AG) ® r]) carries a coaction fj which is automatically normal. In our set-up, A^ 
is isomorphic to A", and this isomorphism identifies the coaction 5" defined by (4.4) 
with the normahsation S oi 6 (see [13, Lemma 2.1]). Moreover, 5" may also be identified 
with the normalisation of by construction (see [29]). In particular, as the notation 
suggests, S"' is a normal coaction on A^. 

Remark 4.4. Our choice of notation {A^, S^) for the system obtained above from {A, S) 
may seem a little perverse when either {A^, 6^) or {A"', 5") would at least be internally 
consistent. We have our reasons. The notation A^ is, for us, much more appealing than 
A" for two reasons: firstly, it coincides with our key reference [14] ; and secondly, there 
is strong evidence that the object obtained in this way from the algebra N'Ox of [35] 
should be regarded as a reduced crossed product (see Section 5). However, the notation 
6^ would be a most unfortunate choice because it suggests a reduced coaction (that is, 
one taking values in A ® C*{G)) whereas we have been careful to use only full coactions 
throughout this paper for the sake of consistency and self-containment; in particular, 5" 
is a full normal coaction. See the notation after [29, Definition 3.5] for a similar point 
of view. 

Remark 4.5. Let {G, P) be a quasi-lattice ordered group, and let X be a compactly 
aligned product system of Hilbert bimodules over P. By Proposition 3.5, 7^ov(A") admits 
a coaction 6, and hence gives rise to a Fell bundle B = (7^ov(-^)g x {g})geG over G. The 
generalised fixed-point algebra Tco^{X)l is precisely the algebra T of (3.3). 

Let i denote the map from [Jg^Q%oy{X)g to the algebra of finitely supported sections 
on B such that the restriction of t to each %oy{X)g, identified with %oy{X)g x {g}, is 
the canonical embedding of 7^ov(-^)g x {g}- We then have that 7/g o t is the inclusion of 
UgeG ■^ov(A")g into %.oy{X). We claim that the map 7^ o o : X — C*{B) is a Nica 
covariant Toeplitz representation. Indeed, to check this we use that ix is a Nica covariant 
representation and that 73 o i is compatible with the multiplication and involution 
and restricts to a linear map on each fiber Tf.ov{X)g and to a *-homomorphism on the 
fiber %ov{X)l. Then the universal property of Tcoy{X) supplies a *-homomorphism 
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C : %o-v{X) — > C*{B) such that C ° = 7b ° ° ^x- By (4.2), there is a surjective 
homomorphism 0^: C*{B) — > %oy{X) such that (t>B°lB — Vb- We then have 

(t>B{C{ix{x))) = (t)B{lB{^{ix{x)))) = r]B{i{ix{x))) = 

and 

aMlB{i{ix{x)))) = C(^s(^(ix(x)))) = aix{x)) = 7B(^(ix(x))) 
for each x e X, from which it follows that C, is the inverse of 0e. Hence 0b is an 
isomorphism from C*{B) to 7^ov(-^) which is equivariant for 5b and 5. 

Suppose that X is 0-injective. Let NOx be the Cuntz-Nica-Pimsner algebra of X 
and jx the universal CNP-covariant representation. By the proof of [35, Proposition 
3.12] and (3.6), the kernel of the canonical homomorphism gcNP^ '^caviX) MOx is 
generated by its intersection with T . Therefore Proposition A.l applied to the coaction 
5 on 7^ov(X) yields a gauge coaction v on MOx- The spectral subspaces 

{MOx% := { c e HOx I v{c) = c ® icig) } 

give rise to a Fell bundle A/", and it follows as above from the universal property of 
NOx (see [35, Proposition 3.12]) that 0^: C*{J\f) — > MOx is an isomorphism which is 
equivariant for and v. 

Proof of Theorem 4-i- Let NOx be the reduced cross-sectional algebra of the Fell bun- 
dle jV, and A^: NOx — > MOx the homomorphism from (4.3). Put fx •= jx-, and 
define v'^ to be the normal coaction on MOx described in (4.4). 

To prove property (1), note that MOx is generated by the injective CNP-covariant 
representation jx-, see [35, Proposition 3.12 and Theorem 4.1]. So Jx is CNP-covariant. 
Since A^r is surjective, MOx is generated by fx- Further, A^r restricts to a bijection 
from {MOxYe to {MOxYJ" ^ ^-nd since jx(^) C {MOxYe the representation fx is injective. 
Finally it follows from (4.4) that T-'^ifxix)) = fx{x) ® ioid^x)) for all x E X. 

We next show that {MOx, jx) has property (2). Suppose : X — i? is as in (2), and 
let /9 be a coaction on B such that (4.1) holds. For g e G, let = {b e B \ (3{b) = 
b®io{g) }. Then [29, Lemma 1.3 and 1.5] and [14, Theorem 3.3] imply that {-B^jgeG is 
a topological grading of B. The universal property of %ov{X) gives a *-homomorphism 
■0* • %ov(yX) — i> B such that ip = ■?/'* o^x- Since the image of ip generates B, ip^{J^) = B^, 
and so Jo := '?/'*(kcr(gcNp)) H B^ — '0*(ker(gcNp) H is an ideal of B^. Let / be the 
ideal of B generated by Iq. 

By construction, I is an induced ideal in the sense of [14, Definition 3.10]. Let 
tt: S — > B/I be the quotient map. By [14, Proposition 3.11], {7r{B^)}g^G is atopological 
grading of B/I. 

Since the image of ijj generates B, we have 7r('^*(7^ov(-^)g)) = t^{.B^) for all g E G. 
We aim to show that for every g E G we have 

(4.5) kcr(7r o ^,) n %,^{X)l = ker(gcNp) H Teov(X)^^. 

It will then follow that the two Fell bundles B := in{B^) x {g})geG and ({MOxYg x 
{g})geG are isometrically isomorphic. Indeed, (4.5) implies that for every g E G there 
is an isomorphism tpg from {MOxYg onto 7i{B^) given by ^d{x){QcNp{ix{x))) = tt o 
ip*{ix{x)) for all X e X. These isomorphisms are compatible with the Fell bundle 
structure, in the sense that: (pgj^{ci)(pg2{c2) — <Pgig2{ciC2) for gi,g2 G G, Ci e {MOx)g^ 
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and C2 e [NOxYg^] and ^Pg{c)* = ^g-^{c*) for ^ e G and c e (A^Ox)^- Hence the 
isomorphisms ipg induce the claimed isomorphism between B and H. Thus every cross 
sectional algebra of E is also a cross sectional algebra of M and vice versa, and the 
co-universal properties of MO\ and C*{B) then imply that there is an isomorphism 
(fi: MOx ~^ C*{B) such that o and (p o Xj^ agree on [MOxYg for all g. 

Let <p '■= o o TT. Then is a homomorphism from B onto MOx-, and we have 

0(V^(a;)) = (^)~i(Ag(7r(^,(ix(a;))))) = (<^)"^(Ag(v5d(x)(gcNp(ix(a;))))) 
= AAr(gcNp(ix(a;))) = AAr(jx(a;)) = fxi^), 

for all ,x G X, as claimed. 

We first prove (4.5) when g = e. So we claim that ker(7r o n J-' = ker(gcNp) H J^. 
If c e ker(gcNp) H JF, then ^/'*(c) G Jq C /, proving the right to left inclusion. To prove 
the other inclusion, note that since tt o ip^ — [tt o ■0)^, it suffices by Proposition 3.7 to 
show that the Toeplitz representation tt o ^ is injective. 

Fix a E A with n^ip^a)) = 0. Then ip^a) G / fl i?f . Since ■?/'*(ker(gcNp)) is an ideal, 
it contains /, and therefore / fl C ■?/'*(ker(gcNp)) H i?f = Jq. It follows that there 
exists a y G ker(gcNp) H ^ such that — V'(^)- Hence y — £ ker('0*) n 

JF. Since kcY{tp^) fl JF c kcr(gcNp) by Proposition 3.7 applied to ■0, it follows that 
ix{ci) G ker(gcNp) H However, kcr(gcNp) H ix(^) = {0}, hence ix{ci) = 0, and 

therefore a = 0. This proves that the representation tt o ijj is injective, and thus that 
ker(7r o 0;,) n %^,{X)l = ker(gcNp) n %„,{X)l. 

Now let g be an arbitrary element of G. Then 

c G ker(7r o 0,) n Teo^C^)^ <^ c*c G ker(7r o 0,) n reov(X)f = ker(gcNp) n %oy{X)i 

<^ c G ker(gcNp) H Tcovl^)^. 

Hence (2) is established. 

Finally, for the uniqueness assertion, suppose that (C, p, 7) also satisfies (1) and (2). 
Then property (2) for A/'(9^ gives a homomorphism from C to MOx, the corresponding 
property for C gives a homomorphism from MOx to C, and these two homomorphisms 
are mutually inverse. □ 

We saw in Remark 4.5 that MOx is isomorphic to the full cross sectional algebra 
C*{M) of its associated Fell bundle arising from the gauge coaction v. This fact has 
interesting implications. To explain this point, we need to recall some terminology from 
[12]. First, a coaction of a group G on C is maximal if the canonical map from 
the iterated coaction crossed product C G G to C ® is an isomorphism. 

Second, a maximal coaction system (D, G, e) is a maximalisation of (G, G, rj) if there is 
an equi variant surjective homomorphism from D to G which induces an isomorphism of 
the coaction crossed products D x^G and G G. Then [12, Proposition 4.2] implies 
that the canonical coaction on C*{J\f) is a maximalisation of u, in fact the unique one 
with the same underlying Fell bundle; moreover MOx — C*{N') means precisely that v 
itself is maximal. At the other extreme, a system [D, G, e) is called a normalisation of 
(G, G, rf) if the coaction e is normal and there is an equivariant surjective homomorphism 
from G to D which induces an isomorphism of the coaction crossed products G G 
and D x^ G. 
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CoroUciry 4.6. Assume the hypotheses of Theorem 4-1- Let ip : X ^ B be an injective 
CNP-covariant representation of X which is gauge- compatible for a coaction /3 on B, 
and such that ip generates B . Then the following hold. 

(a) The coaction system {MOxiG^v) is a maximalisation of{B,G,j3). 

(b) The coaction system {N'Ox,G,i'^) is a normalisation of {B,G,13). 

Proof The universal property of MOx gives a surjective homomorphism Uijj : AfOx 
B which is equivariant for z/ and j3. Theorem 4.1 gives a homomorphism (f) : B ^ ■^^x 
which is equivariant for j3 and i/". We have (poTlip = A^. Then it follows as in the proof 
of [13, Lemma 2.1] that the induced map A^r x G is an isomorphism from A/Ox x^G 
onto AfOx Xj,nG and satisfies A7v-xG = (0xG)o (n^' x G). Therefore 11^ x G is also an 
isomorphism, which shows that z/ is a maximalisation of (3, as claimed in (a). Likewise, 
(j) X G becomes an isomorphism from B G onto NOx x^nG, so (b) follows. □ 

The main reason for proceeding to a gauge-invariant uniqueness theorem for AfOx 
via Theorem 4.1 rather than proving it directly from Theorem 3.8 is that wc feel that 
the co-universal property as a defining property of MOx J^^^ important as — and 
in some ways more natural than — the defining universal property of MOx ■ 

In particular when AfOx and AfOx coincide, the definition as a co-universal C*- 
algebra has the advantage over the definition as a universal C*-algebra that it involves 
only the natural defining relations for Tcov{X) which are present in the Fock represen- 
tation, and does not involve the complicated (and difficult to check) Cuntz-Pimsner 
covariance condition. This has clear advantages when trying to establish Cuntz-Nica- 
Pimsner algebras as models for other classes of examples (see Remark 5.7). Moreover, 
when AfOx and AfOx do not coincide, it is unclear what makes AfOx worthy of singling 
out for study beyond the bare fact that it is defined by a universal property with respect 
to a relation which holds in the co-universal C*-algebra. 

Example 4.7. If the advantage of the definition of AfOx ^ co-universal algebra is that 
it bypasses the troublesome Cuntz-Pimsner covariance condition, then a natural next 
question is whether or not AfOx is actually co-universal for injective (not necessarily 
Nica covariant) gauge-compatible Toeplitz representations of X, thus allowing us to 
bypass the Nica covariance condition as well. 

The answer in general is "No:" there exist product systems which admit no such 
co-universal C*-algcbra. To see this, let {G,P) = (F2,F^) and let Xp = C for every 
p & P. Then C{Xp) = }C{Xp) for all p, so X is compactly aligned, and all left actions are 
injective. Denote the generators of F2 by a and b. Suppose that (C, p) is a co-universal 
pair for injective gauge-compatible Toeplitz representations of X. Note that there is 
an injective Toeplitz representation of X on C*(F2) determined by ipilp) '■= Xv-^ip)- 
By [30, Example 1.15] or [28, Proposition 2.4], there is a (full) coaction 6^^ of F2 on 
C*(F2) such that S¥2{Xw^{g)) — Af2(9') ®iF2(fl') for all g e F2. The integrated form of ■0 is 
therefore gauge-compatible. By the co- universal property of {C,p), there is a surjective 
homomorphism 0: C*(F2) C satisfying 0(-?/'(lp)) = p(lp) for all p e P. In particular, 
since Xw^^a) and \v2if>) are unitaries, surjectivity of implies that 



(4.6) p(l„)p(l„)V(U)p(U)* = cl>{\¥,{a)\^,{a)*\¥M>^^M*) = (t>{lc*(w,)) = Ic 
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Since jx is also an injective gauge-compatible Toeplitz representation of X, the co- 
universal property of (C, p) gives a surjective homomorphism r] : AfOx C such that 
?7(j3f (Ip)) = for all p e F2. Since jx Nica covariant, and since a V 6 = 00 in F2, 

we have 

(4.7) p(l Jp(U*p(l5)p(l5)* = 7^(jl(l.)jl(l.)*J^(l,)jl(l5)*) = m = 0. 

Combining (4.6) and (4.7), we obtain Ic = 0, so C — {0}, which contradicts the 
assumption that p is an injective representation of X. 

The preceding example shows that a co-universal C*-algebra for gauge-compatible 
injective Toeplitz representations need not exist. We will now show that if such a co- 
universal C*-algebra does exist, then it must be isomorphic to AfOx, and prove that it 
satisfies a kind of rudimentary gauge-invariant uniqueness theorem. 

CoroUciry 4.8. Let {G, P) he a quasi-lattice ordered group and let X be a compactly 
aligned product system over P of right-Hilbert A-A bimodules. Suppose either that the 
left action on each fibre is injective, or that P is directed and X is ^-injective. 

(1) If 4>: MOx B is a surjective * -homomorphism, then (j) is injective if and only 
if (j)\jxiA) is injective and there is a coaction ^ of G on B such that (3 o (f) — 
{(f) ® idc*(G)) o 

(2) Suppose that {C,p) is a co-universal pair for injective gauge- compatible (not 
necessarily Nica covariant) Toeplitz representations of X . Then there is a *- 
isomorphism (j): NOx ~^ ^ such that (p{jx{x)) — p{x) for all x ^ X. 

Proof. (1) The "only if assertion is trivial. For the "if assertion note that 0o is an 
injective Nica covariant representation of X in i? which is gauge-compatible, and whose 
image generates B. An application of Theorem 4.1 yields a surjection B — > MOx which 
is an inverse for 0. 

(2) Since MOx is generated by an injective Toeplitz representation of X which is 
gauge-compatible, the co-universal property of (C, p) implies that there is a surjective 
homomorphism 0: MO'x — ^ C such that 0(jx(^)) — P(^) ^r all x ^ X. Part (1) then 
implies that is injective and hence an isomorphism. □ 

Part (1) of the preceding corollary is used to prove statement (2), but is somewhat 
unsatisfactory as a stand alone result because there is no universal property to induce 
homomorphisms 0: MOx — > S of the desired form (compare with Definition 4.10 be- 
low). The following result is much more satisfactory in that it provides an injectivity 
criterion for the homomorphism 0: S ^ MOx induced by Theorem 4.1(2). 

Corollary 4.9. Let {G, P) be a quasi-lattice ordered group and let X be a compactly 
aligned product system over P of right-Hilbert A-A bimodules. Suppose either that the 
left action on each fibre is injective, or that P is directed and X is (p-injective. Let 
ip: X ^ B be an injective Nica covariant gauge-compatible representation whose image 
generates B. Then the surjective * -homomorphism cf): B ^ MOx of Theorem 4-I(^) 'is 
injective if and only if ip is Cuntz-Pimsner covariant and (5 is normal. 

Proof. If is injective, then ^0 is Cuntz-Nica-Pimsner covariant and (5 is normal because 
jx and i/" have these properties. 
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Now suppose that i/j is Cuntz-Nica-Pimsner covariant and (3 is normal. The universal 
property of J\fOx gives a homomorphism Hip: NOx B. By definition, A^v"- A/'Ox — > 
MOx satisfies A^r = o Hip. The map A^r restricts to an isomorphism of (AfOxYe to 
(A/'Cx)e"' hence restricts to an isomorphism — >• (A/'Ox)e"- Since {3 is normal, 
it determines a faithful conditional expectation : B — > B^. But intertwines 
and the conditional expectation from HOx to {MOxYe i and so the standard argument 
implies that (j) is injective. □ 



For the next corollary, we first define some additional terminology. 

Definition 4.10. Fix a quasi-lattice ordered group {G,P) and a 0-injective compactly 
aligned product system X over P. We say that MOx has the gauge-invariant uniqueness 
property provided that the following is satisfied. 

A surjective *-homomorphism : HOx — > S is injective if and only if: 

(Gil) there is a coaction P of G on B such that /9 o = (0 idc*(G)) ° and 
(GI2) the homomorphism (plj^iA) is injective. 

Corollary 4.11 (The gauge-invariant uniqueness theorem). Let {G, P) he a quasi-lattice 
ordered group and let X he a compactly aligned product system over P of right-Hilhert 
A-A himodules. Suppose either that the left action on each fihre is injective, or that P 
is directed and X is (j)-injective. The following are equivalent. 

(1) The coaction v is normal. 

(2) The coaction z/" is maximal. 

(3) The Fell hundle [{MOxYg x {gY) is amenahle. 

(4) The * -homomorphism NOx NOx ^■^ oin isomorphism. 

(5) HOx has the gauge-invariant uniqueness property. 

(6) // ■01 : X ^ Bi and ip2 '■ X —>■ B2 are two injective gauge-compatihle CNP- 
covariant representations of X whose images generate Bi and B2 respectively, 
then there exists a * -isomorphism 4> : Bi ^ B2 such that 4> oipi = ip2- 

Proof. That (1) and (4) are equivalent follows from the fact that z/" is the normalisation 
of u (sec the last paragraph of Notation 4.3). The equivalence of (2) and (4) follows 
from [12, Proposition 4.2] and the fact, established in Remark 4.5, that [MOxiG^u) is 
isomorphic to (C*(A/'), G, uj^j-). The equivalence of (3) and (4) follows from the definition 
of amenabihty for Fell bundles in [14] and the fact that NOx is isomorphic to G*{M). 
We will show that (4) implies (5), that (5) implies (6), and that (6) implies (4). 

Suppose first that (4) holds. Let : MOx ^ B be a surjective *-homomorphism. We 
must show that is injective if and only if conditions (Gil) and (G12) hold. If is injec- 
tive, then we may define /3 by /3 := (0<8)idc*(G)) 1/0 0"^, so condition (Gil) is satisfied. 
Moreover, [35, Theorem 4.1] implies that (0ojx)U is injective, so condition (GI2) is also 
satisfied. Now suppose that (Gil) and (G12) hold. Then o jx is a gauge-compatible 
Nica covariant representation whose image generates i?, so by Theorem 4.1 there is a 
^-homomorphism : S — > MOx satisfying (po {(po jx) = jx = ^j\f ° jx- Since AfOx is 
generated by the elements {jx{x)\x&X} and Xj^j- is an isomorphism, it follows that 
(A^)~^ o is an inverse for 0, and hence is injective as required. 
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Suppose that (5) holds. If : X — > S is an injective gauge-compatible CNP-covariant 
representation of X whose images generate B, then Hip : MOx — > i? is a surjective *- 
homomorphism such that 11^ o jx = ip and (Gil) and (GI2) are satisfied, hence is an 
isomorphism. Statement (6) follows. 

Finally suppose (6) holds. It follows from [35, Proposition 3.12 and Theorem 4.1] 
and Theorem 4.1 that jx ■ X ^ MOx and : X — > NOx are two injective gauge- 
compatible CNP-covariant representations whose images generate MOx and MOx 
spectively. Thus there exists a *-isomorphism : MOx —>■ MOx such that 4>o jx — jx- 
We then have that A^r o = idj^o^ , from which (4) holds. □ 

It is of course interesting to know under which conditions MOx has the gauge- 
invariant uniqueness property. Using Exel's work [14] , we obtain the following conditions 
under which MOx has the gauge-invariant uniqueness property. 

Corollary 4.12. Let {G,P) be a quasi-lattice ordered group and X a compactly aligned 
product system over P of right-Hilbert A-A bimodules. Suppose either that the left action 
on each fibre is injective, or that P is directed and X is cp-injective. Then MOx has the 
gauge-invariant uniqueness property in the following cases: 

(1) The group G is exact and the coaction S of G on Tcov{X) is normal. 

(2) The Fell bundle B = (7^ov(-^)^ x {g})geG has the approximation property. 

(3) The Fell bundle M = {{MOxYg x {g})g^Q has the approximation property. 

(4) The group G is amenable. 

Proof. Statement (1) follows from Corollary 4.11 because normality of 5 implies normal- 
ity of u by Proposition A. 5. For statement (2), let J = ker(gcNp), let Tcov{X) 
%oy{X)l be the conditional expectation induced by the coaction 5, and let : MOx — > 
{MOx)e be the conditional expectation induced by the coaction u. Then it follows 
from [14, Proposition 3.6] that ker(AAr) = {b e MOx \ ^''{b*b) = 0} and thus that 
ker((j^)*) = qc^p{ker{\^)) = {c E %o^{X) \ $'^(c*c) G J}. Hence, if the Fell bundle 
^ = (^ov(-'^)g X {g})gi^G has the approximation property, then [14, Proposition 4.10] 
implies that ker((_7j^)*) = ker(g'cNp)- Thus A^r is an isomorphism, and statement (2) 
then follows from Corollary 4.11. If the Fell bundle M has the approximation property, 
then it is amenable by [14, Theorem 4.6], hence (3) follows from Corollary 4.11. Finally, 
if G is amenable, then [14, Theorem 4.7] shows that the bundle M has the approximation 
property, so (4) follows from (3). □ 

Remark 4.13. Observe that the universal property oiMOx together with the co-universal 
property of MOx stated in Theorem 4.1 imply that the canonical homomorphism from 
MOx to MOx factors through the image B of any injective CNP-covariant representa- 
tion ip oi X which generates B and respects 5, hence v. By Corollary 4.6, we see that 
when the gauge-invariant uniqueness theorem applies, it implies that the universal and 
co-universal algebras for gauge-compatible injective CNP-covariant representations of 
X agree, the gauge coaction is both normal and maximal, and all of the C*-algebras B 
coincide. 

Our motivating example was (G, P) — (Z'^, N'^), in which case condition (Gil) can be 
stated in the familiar terms of an action of the dual group T'^. 
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CoroUciry 4.14. Let X be a compactly aligned product system over N''. A surjective 
*-homomorphism : MOx B is injective if and only if: 

(1) there is a strongly continuous action a of T'' on B such that az{(f){jxix))) — 
z'''^^^(p(jx{x)) for all X E X and z G T*^, and 

(2) (l)\jx(A) : A B is injective. 

Proof. Certainly is directed, and Lemma 4.3 of [35] implies that X is 0-injective. 
Since Z*^ is amenable, MOx has the gauge- invariant uniqueness property by Corol- 
lary 4.12. 

Every coaction (5 of iJ^ determines and is determined by a strongly continuous action 
a of T'^ = Z'^: specifically, f3{a) = a® i^k{m), if and only if 0:2(0) = z'^a for all z ET'^. 
Hence condition (Gil) is equivalent, in this setting, to condition (1). □ 

5. Applications and examples 

In this section wc investigate a number of examples which illustrate both the class of 
C*-algebras MO'x and the utility of its co-universal property as set out in Theorem 4.1. 

Group crossed products. Let (G, P) be a quasi-lattice ordered group, and let a : G ^ 
Aut(74) be an action of G on a C*-algebra A. Suppose that a; is a T- valued cocycle on 
G; that \s u: G xG satisfies uj{e, e) = 1 and 

u!{gh, k)u{g, h) = u{g, hk)uj{h, k) for all g,h,k E G. 

Recall from [18, Lemma 3.2] that there is a product system X := X{a,uj) over the 
opposite semigroup P°p defined as follows: for p E P, let Xp be the right-Hilbert A-A 
bimodule which is equal to ^4 as a normed vector space with operations 

{x, y)A '■= x*y a ■ X = ap{a)x and x ■ a = xa 

for all x,y E Xp and a E A, and define isomorphisms Xp (g)^ Xg Xgp by x (8>^ y 1— > 
u!{q,p)ag{x)y. Then X{a,u!) = Yipepop-^p the claimed product system (note that the 
left and right actions are compatible with the product in X because uj{p, e) = u{e,p) = 1 
for all p E P). Moreover, the left action (pp satisfies (/)p{A) C IC{Xp) for all p E P, and 
since each Xp is essential in Fowler's sense, [18, Proposition 5.8] implies that X{a,u!) is 
compactly aligned. 

The twisted crossed product A Xa,ui G is the universal C*-algebra generated by a 
covariant representation of {A,G,a,u!): that is, a homomorphism i'^'^ : A ^ A Xa,ajG 
and multiplier unitaries { i'o^ig) \ g E G} such that for g,h E G and a E A, 

hfi9)hfi)^) = ^{9, h)i'^'^{gh) and i"^"" {g)i'^'' {a)i'^'^ (g)* = i"^"" {ag{a)); 

we have used {i'^'^, i'^'^) in this example, rather than the traditional (i^, ia) to distinguish 
the inclusion of G as unitaries in Ax^^u^G from its inclusion as unitaries in C*{G). There 
is a coaction a of G on A Xa^^G determined by Q;(i^''^(a)i^''^((7)) = i^"^ {aY^"^ {g) ^icid) 
for all a e ^ and g E G, and the universal properties of the two algebras involved show 
that the crossed product A Xa,u, G is isomorphic to the full cross-sectional algebra of 
the resulting Fell bundle. The reduced crossed product A x^^^^ G is the reduced cross- 
sectional algebra {A x^^^ GY of the same bundle, and is a quotient of A x^^u, G. We 
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write (A^''^, A^'^) for the generating covariant representation of {A, G, a, uj) in A ^ G. 
Recall that a" denotes the normahsation of a and is a normal coaction on A x'! G. 

Lemma 5.1. Let {G, P) he a quasi-lattice ordered group such that P is directed and G 
is generated as a group by P. Let a: G ^ Aut{A), u: G x G ^ T and X be as above. 
Then there is an isomorphism 0: A x^^^ G — > A/'O^ which takes {Xq^ {p))* {x) to 
ix(^) /^'^ all X E Xp = A and satisfies z/" o = (0 idc*(G)) ° S". 

Proof. We will first show that A x^^ G is generated by a Nica covariant representation 
of X. We will then apply Theorem 4.1 to obtain a surjective homomorphism from 
A x^^^ G to MOx- Finally, we will use the canonical faithful conditional expectation 
from ^4 x^^ G to ^4 to see that is injective. 

Wc begin by constructing a representation of X in A x^^ G. For p e P, define 
V^p: Xp^^x^^^Gby 

i^p{x) := {\y^{p))*X'/'{x) for all xeX^^A. 

In the following calculations, we use o for the multiplication in P°P; so poq — qp for all 
p,q & P. Fix p,q E P and elements x & Xp and y & Xq, and calculate: 

^{xMy) = (Ar(p))*Ar(^)(Ar(?))*Ar(y) 

^(Ar(p))*(Ar(g))*(Ar(g))Ar(^)(Ar(g))*Ar(y) 

= a; (g, p) ( Ag'"" (gp) ) * {ag{x)) X'^'^ {y) 
= i'poqixy). 

Moreover, for p & P and x,y E Xp, we have 

^P{xmy) = ((Arb))*Ar(^))*((Ar(p))*Ar(l/)) 

= Ar(^)*(Ar(p))(Ar(p))*Ar(i/) = >^Ti^'y) - M{^,y)A). 

Each Xp is essential, the left action of A on each Xp is injective and by compacts, and 
P is directed. Hence [35, Corollary 5.2] implies that ip is CNP-covariant provided the 
condition tp'^P^ocpp = A^''^ holds for allp G P. To verify this condition, fix an approximate 
identity {ckjk&K for ^4, and note that then 4>p{a) = limk^x o:p{a) ® for p e P and 
a E P. Hence 

i/j^\(j)p{a)) = limiljp{ap{a))ipp{ek)* = jimX'^"'{p)*X'^"'{ap{a)el)X'^'^{p) = A^''^(a), 

ki=K k&K 

showing that is CNP-covariant. 

The image of ip generates /I x^^ G because the latter is spanned by elements of the 
form A^''^(5')A^''^(a), and each X'Q^{g) e G*({ Ag'^(p) | p G P }) because G is generated as 
a group by P. Moreover, is injective as a representation because A^''^ is automatically 
injective. 

Since the left action on each fibre of X is injective, [35, Lemma 4.3] implies that X 
is 0-injective. Since the normalisation a" of a of G on /I x^,^ G satisfies a"(-?/'(a;)) = 
ip{x) ® icip) for all p e P and x e Xp, Theorem 4.1 gives a surjective homomorphism 
0: A xj^^^ G — > MOx such that (p o = j^. Finally, the coaction a" is normal by 
definition, and so Corollary 4.9 applies to give injectivity of 0. □ 



24 



TORE M. CARLSEN, NADIA S. LARSEN, AIDAN SIMS, AND SEAN T. VITTADELLO 



CoroUciry 5.2. Resume the hypotheses of Lemma 5.1. Then there is an isomorphism 
Ax^^^G^ AfOx which takes to jx{x) for allxeXp^A. 

Proof. Since the isomorphism 0: A x^^ G ^ -^^x of Lemma 5.1 intertwines the coac- 

tions on the two algebras, the corresponding Fell bundles are isometrically isomorphic. 
Since A Xa,u) G and MOx are the full cross-sectional algebras of these Fell bundles (see 
Remark 4.5), the result follows. □ 

Corollary 5.3. Let {G, P) be a quasi-lattice ordered group such that G is generated as 
a group by P. Suppose that P is directed. Let X be the product system over P such 
that Xp = C for all p E P with all operations given by the usual operations in C. Then 
MOx = C*{G), and UO'x = C;{G). Specifically, if Ip denotes the element 1 G C 
when regarded as an element of Xp, then ix(lp) ^ ioip) determines an isomorphism 
MOx — C*{G), and jxi^p) ^ ^g{p) determines an isomorphism J\f Ox — C*{G). 

Proof. We apply Lemma 5.1 and Corollary 5.2 to the trivial action a of P on C and the 
trivial cocycle a; on G. □ 

Remark 5.4. Let G be a nonabelian finite- type Artin group and P its standard pos- 
itive cone. By [5, Proposition 29], P is directed and G is not amenable. Therefore 
Corollary 5.3 implies that for the product system considered there, we have 

MOx = C*{G) ^ C;{G) ^ NO^x 

(cf. [5, Theorem 30]). In particular MOx does not have the gauge- invariant uniqueness 
property; so the gauge-invariant uniqueness property is not automatic even for systems 
where the left action is compact and injective and P is directed. We thank Marcelo 
Laca for bringing this example to our attention. 

Boundary quotient algebras. The results in this section refer to the boundary quo- 
tient algebras studied in [6]. Throughout, given a quasi-lattice ordered group {G,P), 
we write fl for the Nica spectrum of {G, P) and a for the partial action of G on $1 
considered in [6] (see also [15]), and we let dfl be the boundary of fl defined in [6] and 
[24]. 

If a is a partial action of a discrete group G on a G*-algebra A, [31, Proposition 
3.2] shows that there is a canonical (dual) coaction a on the full partial crossed product 
AXaG. Moreover, the discussion following [31, Remark 3.7] shows that the normalisation 
of a is naturally a coaction on the reduced partial crossed product A Xr G. 

Lemma 5.5. Let (G, P) be a quasi-lattice ordered group. Let Co{dQ) x^G be the reduced 
partial crossed product corresponding to the partial crossed product Go{dfl)xG considered 
in [6], and let /3: Go{dil) x^G ^ (Go((9f2) x^G) ®C*{G) be the canonical coaction of G 
on Go(9Q) Xr G. Let X be the product system over P such that Xp — C for all p. Then 
there is an isomorphism (/>: Go(5Q) xi^ G — >■ MOx such that z/" o = (0 \dc*{G)) ° P- 
In particular, 0\ca{dvi) is an isomorphism from Go{dfl) to {NOxYJ" ■ 

Proof. Let {ti,u) be the universal covariant representation of {C{VL),G,a). By [15, 
Proposition 6.1 and Theorem 6.4] the collection {u{p) | p G P } is a family of isometrics 
satisfying Nica's covariance relation which generates C{iX) x^G. Since Go((?f2) xi^ G is 
a quotient of C{Q) x^ G, it follows that Go(9Q) x^ G is generated by nonzero isome- 
trics { Wp I p G P } (that these isometrics are nonzero follows from the fact that dO, 
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is nonempty, cf. [6, Lemma 3.5] and [24, Theorem 3.7]) satisfying Nica's covariance 
relation such that the canonical coaction /3 satisfies /3(Wp) = Wp ® ^g{p) for all p. 
For p G P let Ip denote the complex number 1 regarded as an element of Xp. The 
assignment ip >—>■ {ip{lp) | p G P} is a bijective correspondence between injective Nica 
covariant Toeplitz representations of X, and families of nonzero isometries satisfying 
Nica's covariance relation. Thus Co{dQ) xi^ G is generated by an injective Nica covari- 
ant Toeplitz representation ip of X satisfying P{i/j{x)) = ip{x) ® icid^x)) for all x E X. 
Since the left action on each fibre of X is implemented by an injective homomorphism. 
Theorem 4.1 gives a surjective homomorphism 0: Co{d^l) G — > J^Ox such that 
i/" o = (0 (g) idc*(G)) ° s-nd we need only show that is injective. 

By [6, Lemma 3.5], dfl is the unique minimal closed invariant subset of the Nica 
spectrum Q, and since is nonzero, it follows that (p is injective on Co{dQ). Since 
(3 is normal, the expectation Co{dQ) xi^ G — > Co{dfl) is faithful. Since i/" o = 
(0 <S> idc*(G)) ° P, it follows that intertwines the expectation and the expectation 
from N'Ox to (j\/'Ox)e"- '^^^ standard argument now shows that is injective. □ 

Corollary 5.6. Resume the hypotheses of Lemma 5.5. Let (5 he the canonical coaction 
on the universal partial crossed product C*-algebra Co{dD,) xiG. There is an isomorphism 
0: Co{dfl) XI G ^ AfOx such that v o (f) ^ (0 idc*(G)) ° 

Proof. We use the same trick as in the proof of Corollary 5.2. □ 

Remark 5.7. The proofs of Lemma 5.5 and Corollary 5.6 are excellent examples of 
the utility of the co-universal property of MOx- To prove the same results otherwise 
one would first have to show that MOx is isomorphic to the universal partial crossed 
product of Go((?f2) by G and then argue that the normalisations of the two coactions on 
these universal G*-algebras yield MOx Go ((9^2) x^ G. Moreover, proving equality 
of universal G*-algebras would require verifying condition (CP) of [35] in one direction, 
and the elementary relations associated with the essential spectrum from [6] in the other 
direction — for non-amenable G, there would be no gauge-invariant uniqueness theorem 
to apply in either direction. 

Remark 5.8. Combining Lemma 5.5 with Lemma 5.1, we see that if {G,P) is a quasi- 
lattice ordered group such that G is generated as a group by P and each pair of elements 
in P has a common upper bound, then the boundary quotient algebra Go(9Q) xi^ G 
is isomorphic to the reduced group G*-algebra G*(G); and under the same hypothe- 
ses. Corollary 5.6 combined with Corollary 5.2 shows that the universal partial crossed 
product G*-algebra Co{dQ) xi G is isomorphic to the full group G*-algebra G*(G). 

Topological higher-rank graphs. In this section we show that each compactly aligned 
topological higher-rank graph A in the sense of Yeend can be used to construct a com- 
pactly aligned product system X of Hilbert bimodules over Go (A'') with resulting %ov{X) 
isomorphic to the G*-algebra of Yeend's path groupoid and with corresponding AfOx 
isomorphic to the G*-algebra of Yeend's boundary-path groupoid. 

Recall [37] that, for k E N, a. topological k-graph is a pair (A, o?) consisting of: (1) a 
small category A endowed with a second countable locally compact Hausdorff topology 
under which the composition map is continuous and open, the range map r is continuous 
and the source map s is a local homeomorphism; and (2) a continuous functor d: A — > 
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N'', called the degree map, satisfying the factorisation property: if d{X) —m + n then 
there exist unique n, v with d{^) = m, d{v) = n and A = niy. 

Elements of A are called paths, and paths of degree are called vertices. For m G N*^ 
we define A"^ := d~^{m). If < m < n < p in N''' and A e A^ then we write A(m, n) for 
the unique path in A"""* such that A = iJi\{m,n)v, where ji e A"* and v e A^"". For 
< m < p in N*^ and A G A** wc write A(m) for s(A(0,m)) = \{ni.m). If m.p e N*^ 
with m < p then the map cr"*: A^ \p-"^ such that a"^{X) — X{m,p) is continuous. 
For U,V G A, we write 

C/y := { A/x I A e [/, i^eV, s(A) = r(//) }. 

For U GAP Bind V G A«, 

[/ V y := uA^^'^'^-p n T/A^p^«)-« 

is the set of minimal common extensions of paths from U and V . A topological /c-graph 
(A, d) is compactly aligned if f/ V K is compact whenever U and V are compact. 

Fix A; G N, and let (A, c?) be a topological /c-graph. Define A := C{){A^). For each 
n e N'^ let X„ be the right-Hilbert A-A bimodule associated to the topological graph 
(A°, A", s|An, r|An) (see [21]). So X„ is the completion of the pre-Hilbert A-A bimodule 
Cc(A"') with operations 

(/, gTAiv) = E,eA".M^('7) and (a • / • 6)(A) = a(r(A))/(A)6(«(A)). 
Katsura shows that is a subspace of Co (A") [21, Section 1]. 

Proposition 5.9. Let A he a topological k-graph and let (X„)„gpjfe be as above. For 
f eXm andgeXr,, define /^i A-+- ^ C by {fg){\) := /(A(0, m))^(A(m, m + n)). 
Under this multiplication the family X :— UneN* "'^w ^/ f"ight-Hilbert Co(A°)-Co(A°) 
himodules is a product system over . 

Proof. We first show that for /i,/2 G X^ and gx,g2 e X„ we have (/iffi, /2S'2)a'^" = 
(S'l, (/i, /2)!4 • g2)\- The functions f2g2 are continuous on A"*+" and for v G A°, 

{figi, f2g2)T''{v) = Eaga-+" Ji(A(0' H)/2(A(0, m))gi{\{m, m + n))g2{X{m, m + n)) 

= E^GA"^,(E^GA-rM/l(/^)/2(/^))^/l('^)52(i^) 

= E.GA«.(/l,/2)™(K^))^^2(^) 
= {9l,{fl,f2rA-92rA{v). 

Taking /2 = /i = / and g2 = gi = g, wc deduce that fg G Xm+n by definition of 
AT^+n (see [21]). Further, since (^1, {fi, f2)A ' 92) a = (/i ®a 9i, f2 ^a 92) a, the map 
/ 'S>A g ^ fg extends to an isometric adjointable operator from X^ (g)^ X^ to Xm+n- 
To show that it is surjective it is enough to show that it has dense range. The subset 
A := span{ fg \ f e Ce(A™), ^ G Cc(A") } of C^(A'"+") is a subalgcbra of Co(A™+"). For 
every open subset U of A'""'""', an application of the Stone- Weierstrass Theorem shows 
that A n Cc{U) is uniformly dense in Cc{U). So A is dense in Xm+n with respect to 
II • \\a by [21, Lemma 1.26], and the multiplication operator has dense range. □ 

To apply our results, we need to show that the product system X is compactly aligned 
if A is compactly ahgned. We first need a couple of technical lemmas. 
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Notation 5.10. For m e N'^ we denote by the set of functions / e Cc(A"^) such 
that the source map restricts to a homeomorphism of supp(/). By definition of F^, for 
each / G Fm and v E JSP such that A™?; is non-empty we may fix an element, henceforth 
denoted A/,„, of K^v such that /(/x) = for aU n e K^v \{\f,v}- 

Lemma 5.11. Form e N*^, spanF^ is dense in with respect to the norm \\ ■ \\a- 

Proof. A partition of unity argument using that the source map in A is a local homeo- 
morphism shows that each element of Cc(A'") is a finite sum of elements of F^, and the 
result follows. □ 

Lemma 5.12. Fix m,n e N^. Then, for f e X^, g e F^, c e Xjnvn, o-nd ^ e A"*^** we 
have 

® 9*){c)) (0 = /(e(0, m))(?(A,,g(^))c(A,,g(^)C(m, m V n)). 
Proof. For h G Xm and / G X(mvn)-m we have 

® 9*) m) (0 = f{m m)) (E,eA".^M^^(/^))^(^(^' ^ V n)) 
= /(C(0, m))y(Ag,^(^))/i(Ag,^(^))Z(^(m, m V n)) 
= /(C(0, m))^(Ag,^(^))/iZ(Ag,^(^)C(m, m V n)). 
Since elements of the form hi are dense in Xmwm the result follows. □ 

Lemma 5.13 (cf. [32, Lemma 5.1]). Fix m G N^' and T G /C(A:^). Le^ : = 

{/ £ -^m I I I/I loo < !}• T'/ien ^/le function xt '■ A"* ^ R defined by Xt(A) = 
supyg£jP^|T(/)(A)| vanishes at infinity on X^. 

Proof Since Xa5+/3r(A) < |«|xs(A) + |/3|xt(A), and |T(/)(A)| < ||r|| for G C, 

5", T G K.{Xm), f e Fm and A G A"^, it is enough to prove that xt vanishes at infinity 
when T = g (E) h* for g,h E Xm- 

U g,h E Xm, f E BiFm and A G A"\ then we have 

\{g ^ h*){f){X)\ = \9{X)E,eA-six)W)m\ = \9{m^f,sw)fi^f,sw)\ < l^(A)|||/i||oo 
and since g vanishes at infinity on A'", so will Xg^h*- D 

Most of the work in proving that X is compactly aligned when A when is compactly 
aligned, is involved in proving the following technical lemma. We state this lemma 
separately because we will use it again to prove Proposition 5.19. 

Lemma 5.14. Assume that A is compactly aligned. Fix m, n G N*^. Let fm G F„j and 
fn E Fn- Then C := supp(/m) V supp(/„) C A™""^" is compact. For each of p = m,n: 
let {V[ \ 1 < i < rp} be a finite open cover of a^{C) such that each is compact and 
s restricts to a homeomorphism on each Vf; let (p^: <J^{C) — > [0, 1], 1 < i < rp, be a 
partition of unity on C{C) subordinate to { V^^fl (t^{C) \ 1 < i < r^}; and fix functions 
^. ^(mvn)-p ^ [0,1] such that each pfUp(C) = -/Wi, and each pf vanishes off Vf . Fix 
gm £ Fm and gn G F„. For I < i < rm and I < j < rn, define aij,bj G Cc(A'"^"') by 
% := 9m{pT ■ {fmPT, fnP'^)T'') ^nd b, := gnp]. Then 

(5.1) ® fx^'-ifn ® 9:) = K=i e;"=i«^.- ® b*. 
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Proof. Since A is compactly aligned, C is compact. Since the source map is injective 
on each supp(p7*), for fi e A^"^^")""* such that A"^r(//) is non-empty and 1 < j < r„ we 
have 

(EiriPr-(/mPr,/nPpr")(/^) 

= E:=i(pr(/^))V™(A/„,.(,))(/nP,")(A/^,.(^)/.) 

= /m(A/^,r(^))(/„p^)(A/^,^(^)/x). 

Fix c G Xmvn and ^ G a™^"^, and write Xm '■— A/^,^(Tn), A' := ^{m,m V n), and (3 : = 
(AmA')(n, mVn). If /3 G c"'(C) then, since the source map is injective on each supp(p^), 
we have 



E^iPjimj, c)r"(«(0) = J:%iPm Ea^a-^.^) ^n(A(0, n))p,"(A(n, m V n))c(A) 

= E;:i(Pi(/5))V(A,„,.(/3))c(A,„,.(^)/5) 

Hence we have 

(E:riEr=i«..®&i)(c)(o 

= Eiri e;:i ^?m(e(o, m))(p™ . (/„p™, /„ppr")(A')(&., c)r"(s(0) 
= 9uao,m))E%iiT.:=iPT ■ (/™pr,/nPpr")(AO(&.,c)r"(5(0) 

= 9m{^{0,m))frn{Xrn)fn{{>^m>^'){0,n))gn{Xg„,ril3))c{Xg„,ril3)P) 

which equals (C^"'(s'm®/m)C^"'(/n®fi'n))(c)(0 by two applications of Lemma 5.12. □ 
The next result generalises [32, Theorem 5.4]. 

Proposition 5.15. Let A be a topological k-graph. The product system X defined by 
Proposition 5. 9 is compactly aligned if and only if A is compactly aligned. 

Proof. Assume that A is compactly ahgned. Fix m, n G N'^. By Lemma 5.11 it suffices 
to show that, for f,geFm and h,l G F„, iZ'^''{f ® g*)C"^''{h®r) G /C(X^vn), and this 
follows from Lemma 5.14. 

Assume next that A is not compactly aligned. Then there exist m, n G N'^ and 
U C A"*, y C A" such that U and V are compact, but C/ V F is not compact. For 
each oi C — U, V: let { Vf \ 1 < i < } be a finite open cover of C such that each 
Vf^ is compact and s restricts to a homeomorphism on each Vf^; let (f)f:C-^ [O^l]) 
1 < -j < rc, be a partition of unity on C{C) subordinate to { Vf Cl C \ 1 < i < rc}', 
and fix functions pf G C(7(A^), where p = m il C = U and p = n ii C = V , such 
that each = ^^^d each pp vanishes off Vf . Let Tc = ElfiPf ® (P?)*- 

Then Tu G /C(X„) and Ty G /C(X„), but we claim that T := C''''(71/)C''"(^a^) is not 
compact which will show that X is not compactly aligned. Notice first that if / G 
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and A e C, then we have 

rc 



7^c(/)(A) = ^(pf®(pf)*)(/)(A) 
(5.2) To 




«=1 r?eAPs(A) j=l 



For each A e C/ V choose fx G BiF^y^ such that /a (A) = 1. Equation (5.2) imphes 
that 



In [37], Yeend associated two groupoids G\ and and hence two C*-algcbras C*{G\) 
and C*{Q\) to each compactly ahgned topological higher-rank graph A, and proposed 
C*{G\) as a model for the Toeplitz algebra of A, and C*{Q\) as the Cuntz-Krieger 
algebra. We will show that Tcoy{X) is isomorphic to C*{Ga) and that J^Ox is isomorphic 



In the following, we use the notation for paths in topological /c-graphs established in 
[37, Lemma 3.3]. We denote by G\ the path groupoid associated to A [37, Definition 
3.4]. So G\ consists of triples {x,m,y) where x and y arc (possibly infinite) paths in A, 
m e Z'^, and there exist p,q eN'' such that p < d{x), q < d{y), p — q = m and a^^x) = 
cr'^{y). By [37, Theorem 3.16], G\ is a locally compact r-discrete topological groupoid 
admitting a Haar system consisting of counting measures. A basis for the topology on 
G\ is as follows [37, Proposition 3.6]. Define A *s A := { (A, /x) e A x A | s(A) = s(/i) }, 
and for U,V C A define U *s V := {U x V) n (A A). For F C A A and m G Z^, 
define Z{F,m) := {{Xx,d{X) — d{fi),fix) G G\ \ (A,/i) G F,d{X) — d{n) = m}. Then 
the family of sets of the form Z{U *s V,m) fl Z[F,mY, where m G Z*^, [/, C A are 
open and F C A *5 A is compact, is a basis for the topology on Ga. 

Let V d hP. k set E C VK is called exhaustive (cf. [37, Definition 4.1]) for V if for all 
A G l^A there exists e E such that {A} V {ji} ^ 0. For v G A°, let vC£{K) denote the 
set of all compact sets E G A such that r{E) is a neighbourhood of v and E is exhaustive 
for r{E). A (possibly infinite) path x is called a boundary path (cf. [37, Definition 4.2]) if 
for all m G with m < d{x), and for all E G x{m)C£{A), there exists X E E such that 
x{m,m + d{X)) = X. We write dA for the set of all boundary paths. It is shown in [37] 
that dA is a closed and invariant subset of ■* (we are here identifying a path x with the 
element {x,0,x) in G^'*) that vdA ^ for all v G A°. The boundary-path groupoid 
Ga is then defined in [37, Definition 4.8] to be the reduction of Ga to dA. We will now 
show that dA is in fact the smallest closed and invariant subset Y of such that vY 
is nonempty for all ?; G A°. Let Xa denote the collection of finite and infinite paths in 
A. For C A write Z{V) := {x e Xa \ there exists A G such that x{0, d{X)) = A}. 

Proposition 5.16. Let A be a compactly aligned topological k-graph. Then dA is the 
smallest closed and invariant subset Y of G^^^ such that vY is nonempty for all v G A°. 

Proof. It follows from [37, Propositions 4.3, 4.4 and 4.7] that dA is a closed and invariant 
subset of G^^ and that vdA ^ for all ^; G A°. We will show that dA is contained in 




(Ty)(/A)(A)=/,(A) = 1, 



□ 



to C*[Qa). 
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any other closed and invariant subset Y of G^^^ satisfying that vY is nonempty for all 
V e A°. So let Y be such a subset and assume for contradiction that there is a boundary 
path X such that x ^ Y. Since Y is closed, it follows from [37, Lemma 3.8] that there 
is a relatively compact and open subset U of A and a compact subset F of A satisfying 
that n e F imphes that ^ A/x' for some A e 17 such that x e Z{U) \ Z{F) C Xa \ F. 
We will show that there is a A e A such that XXa C Z{U) \ Z{F) C \ 1"- It will 
then follow from the invariance of Y that s{X)Y = 0, and we have our contradiction. 

Choose m G N'^' such that x{0, m) eU and a compact neighbourhood V <ZU r\ A™ of 
a;(0,m) such that s restricted to V is injective. We let 

C := (7'"((y V F) n F) = {// e A I there exists XeV such that A// e F}. 

Since A is compactly aligned and cr'" is continuous, the set C is compact. It follows 
from the assumption x E dA that if C e x{m)C£{A), then there exists ji E C such that 
x{m,m + d^n)) € C, and then x{Q,m + = x{Q,m)ix G F, a contradiction. Thus 

either r(C) is not a neighbourhood of x{m) or C is not exhaustive for r(C). 

If r{C) is not a neighbourhood of a;(m), then since s(V^) is a neighbourhood of a;(m) 
there exists XeV such that s(A) 7^ r(/x) for all G C, and then AXa C Z{V) \ Z{F) C 



If C is not exhaustive for r(C), then there exists /i G r(C)A such that /xA fl CA = 0. 
Let A := rifi where 1] is the unique element of V such that s{rj) = r{ij). Then AXa C 



Proposition 5.17. Let A be a compactly aligned topological k-graph. Let X be the 
product system constructed in Proposition 5.9. There is a unique Toeplitz representation 
ijj: X ^ C*{Ga) such that, for n G N*^ and f G Cc(A"), we have i/j{f) G Cc{Ga) and 



Moreover, the ip{f ) for n G N'' and f G Cc(A") generate C*{G\). 

Proof. We first show that, for / G Cc(A"), ■?/'(/) defined as in (5.3) is in Cc(Ga)- To see 
that ip{f ) is continuous, fix {x,p,y) G G\ and e > 0. If p ^ n then Z{A *s A.p) is an 
open neigbourhood of {x,p, y) on which ■?/>(/) is zero. If p = n and cr"(a;) 7^ y then, since 
[/ *s s{U) is compact where C/ := supp(/), the subset Z{A *s A, n) fl Z(C/ *s s{U),nY is 
an open neighbourhood of (x,p, y) on which is zero. Suppose now that p = n and 
o""'(a;) = y. Since / is continuous there exists an open neighbourhood U C A" of x(0,n) 
such that \&U implies |/(A) — /(a;(0,n))| < e. Note that, since A" is open in A, U is 
open in A. Choose an open neighbourhood V of a;(0,n) in A such that V <ZU, s{V) is 
open in A, and s|v is a homcomorphism onto siV). Then ZiV *s s{y),n) is an open 
neighbourhood of {x,p,y) such that {w,n,z) G Z{V *s s{V),n) implies a^'-{w) = z and 
w(0,n) eV gU, hence \^{f){{w,n, z))-iP{f){{x,p,y))\ = \f{w{0,n))- f{x{0,nj)\ < e. 
It follows that ^(/) G C(G'a). 

To see that ■0(/) has compact support, let U :— supp(/), then Z{U *s s{U),ri) is 
compact by [37, Proposition 3.15] and supp('0(/)) C Z{U *s s{U),ri). 



Z{U)\Z{F). 



Z{V)\Z{F)(lZ{U)\Z{F). 



□ 



(5.3) 




CO-UNIVERSAL ALGEBRAS OF PRODUCT SYSTEMS 31 

We now show that \\ip{f)\\c*{GA) < ll/IU for / e Cc(A"). By [34, II.1.5] it suffices to 
show that 

(5.4) sup L mfr*^(f)((^,P,m dX^y''^y\(x,p,z)) < \\f\\\ and 



Ga 

A 



(5.5) sup j^j^{fr*^{mx,p,z)-')\ dx(y'''y\{x,p,z)) < WfWl 

(2/,0,2/)eGi°^ 

Fix (y,p, z) e Ga- Since the Haar system on Ga consists of counting measures, 



^{fT * ^{f){{y,p, z)) = E{y,r,w)GGA y)Mf){{w,p- r, z)) 

'{UTaHv)) ifp = Oand^ = y 
otherwise. 

So, for (y, 0, y) G G^^ , we have 

/gJV^(/)**V'(/)((^>p>^))I d\^y^'^y\{x,p,z)) 

= mr*m{{yM)\ = a/)A(r(y)) < ii/iil 

and this estabhshes (5.4). A similar argument estabhshes (5.5). 

Straightforward calculations show that ip: Gc(A") C*{Ga) is linear and is multi- 
plicative when n = 0. Since ||'?/'(/)||c*(Ga) — ll/IU for / G Gc(A'*), ip extends to a linear 
map from to G*(Ga), and ip: A ^ C*{G\) is a homomorphism. 

We show that tp is multiphcative. It suffices to show that ip{fg) — ip{f) * ip{g) for 
/ e Gc(A'") and g e Gc(A"). Indeed, for {x,p,y) e Ga we have 

tpif) * '0(y)((a^,p, y)) = E(x,r,«;)eGA '^(/)((^' 't«))V'(^)((«^,p - y)) 

f{x{0, ■m))g{x{m, m + n)) if p = m + n and (T"^+"'(a;) = y 
otherwise 

= i^{f9){{x,p,y)). 

We now show that ip{{f,g)\) = ip{f)* * ip{g) for f,gE X„, and for this it is enough 
to show that ij{{f, g)l) = ij{fy * ij{g) for f,ge C,{A^). Noting that (/, g)^j, e C,{A') 
by [21, Lemma 1.5], for {x,p,y) G Ga we have 

i^ifY *i^{9){{x,p,y)) 

Y.a(^Kn^{x)^U){{(^x^n,x))^l){g){{ax,n,x)) if p = and a; = |/ 
otherwise 



EaeA«r(x)/(«)f («) if P = and X = y 
otherwise 

^i^{{f,grMx,p,y)\ 
and the result follows. 
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Uniqueness of the Toeplitz representation t/j follows from the facts that each of the 
linear maps i^-'l^^ is continuous and Cc(A"') is dense in X^. 

Finally, to sec that {ip{f) | n G N'^', / G Cc(X„) } generates C*{Ga), note that the 
norm on C*(Ga) is dominated by the norm || • \\i from [34, Page 50] which in turn is 
dominated by || ■ ||oo- Our strategy is to use the Stone- Weierstrass Theorem to show that 
the subalgebra A generated by { </'(/) I ^ ^ f ^ Cc{Xn) } is dense in Co(G'a). Since 
A is by definition a subset of Cc{G\), it will then follow that A is dense in Cc{G\), and 
hence in C*(Ga). So it is enough to show that, for distinct {x,p,y), {x' ,p' ,y') G Ga, 
there exist m,n G N'^, / G Cc(A") and g G Cc(A") such that ^(/) * ip{g)*{{x,p,y)) ^ 
ip{f)*ilj{g)*{{x',p',y')). So denote {x,p,y) = {\z,d{\) — d{iJi),iiz). If p 7^ p' then choose 
/ G Cc(A'^(^)) with /(A) = 1 and y G Cc(A<^('^)) with g{n) = 1. Then 

andV'(/)*V'(^)*((x',p',?/')) = 0. 

Suppose p = p' and x ^ ,x'. Assume without loss of generality that d{x) / d{x'). 
If = d{x') then there exists m G such that d{X) < m < d(x) and x{0, m) 7^ 
a;'(0,m). Choose / G Cc(A™') such that /(a;(0,m)) = 1 and /(a;'(0,m)) = 0, and choose 
g G Cc(A"*-P) such that g{y{0,m-p)) = 1. Then, since a'^'Piy) = cr"'(x), 

^(/) * ^{gyiix,p, y)) = m, a"'ix)))^{g){{y, m-p, a"^-P{y))) 

(5.6) = /(a;(0, m))5'(|/(0, m — p)) = 1 and 
ij{f)*i;{gn{x',p',y')) = 0. 

If ci(a;) 7^ d{x') then there exists m G N'^ such that d{\) < m < d{x) and m ^ 
(i(a;'). So, choosing / G Cc(A™) such that f{x{0,m)) = 1 and g G Cc(A™"P) such that 
g{y{0,m-p)) = 1 gives (5.6). 

The case where p — p', x — x' and y ^ y' follows from an argument similar to that of 
the preceding paragraph. □ 

To show that -0 is Nica covariant we will use the following lemma. 

Lemma 5.18. If m G N'', /, 51 G Cc(A'"), and {x,p,y) G Ga then 

V'(-)(/®/)((x,p,y)) 

{/(a;(0, m))g{y{0, m)) if p = 0, m < d{x) and a'^{x) — a'^{y) 
otherwise. 

Proof. Recalling that the Haar system on Ga consists of counting measures, we calculate 

(5.7) ^(™n/®^7*)((^,P,l/)) = E(.,.,.)eG.W)((^,^,^))^(^?)*((^,P-^,y) 

The right-hand side of (5.7) is zero unless p = 0, m < d{x) and cr"*(a;) = a™'{y) (noting 
that p — implies d{x) = d{y)), and if indeed p = 0, m < d{x) and (t'"(x) = cr"^{y), 
then (5.7) simphfies to 

^if )iix, m, a"^{x)))i;ignia"^iy), -m, y)) = /(x(0, m))g{y{0,m)). □ 

Proposition 5.19. Let A be a compactly aligned topological k-graph. The Toeplitz 
representation ■0: X — > C*{G\) from Proposition 5.17 is gauge-compatible and Nica 
covariant. 
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Proof. The canonical continuous cocycle c : {x, m,y) ^ m on Ga induces a coaction (5 of 

Z'^ on C*(Ga) satisfying = / ®ij^k{m) whenever supp(/) C c~^{m). In particular, 
l3{jl){f )) = ip{f ) ® iik{m) for / G X^, so is gauge-compatible. 

For Nica covariance, fix m, n e N*^, /m, Qm € -f'm and Qn G -^n- Resume the notation 
of Lemma 5.14 so that 

By Lemma 5.11 it suffices to show that for every {x,p,y) G G\, 

i^^'^Kgm ® /;)V'^"n/n ® gl){{x.P. y)) = ^^'"""nC^l^m ® /^jC'^l/n ® gimx.P. y)). 

By Lemma 5.18, both sides of this equation are equal to zero unless p = 0. By definition 
of the multiplication in C*(GjC) and another application of Lemma 5.18, we are left to 
show that for all (x, 0, y) e Ga, 

E(.,o,.)6G.^^'"n5m ® /;;)((^, 0, zW-\u ® gMz, 0, y)) 

We may further deduce from Lemma 5.18 that both sides are equal to zero unless 
m V n < d{x) and (T™^"(a;) = o'™^"^/) (noting that p = implies d{x) = d{y)). 

So fix (x, 0, 7/) e Ga such that mV n < d{x) and (T™'^'^(a;) = a"^'^'^{y). Recall from 
Notation 5.10 that for each h E and v E such that A'^v is non-empty we have a 
fixed path X^^^ e A^v such that h{X) — for all A e A''i> \ {A^j^^}. Let A^ := A/^_a;(^). 
We calculate, using Lemma 5.18 yet again, that 

T.i.,o,.)eG.^^"'\9m ® /;)((x, 0, ^))^(")(/. ® ^:)((^, 0, y)) 



= E{ceA-x(m)k"(c-'"(x))=a"(y) }£'m(a;(0, m))/„(C)/n([Cc^"'(a;)](0, n))gn{y{0, n)) 

{gm{x{0, m))fm{Xm)fn{[>^m(^"'{x)]{0, n))gn{y{0, n)) 
if y{n,m\/ n) — [XmCr"^{x)]{n, mV n) 
otherwise. 

We will show that the right-hand side of (5.8) is equal to (5.9). For 1 < i < and 
1 < i < T^n, we have 

V'^"^^")(«..®^*)((^,o,i/)) 



— aij{x{0, m V n))bj{y{0, m V n)) 

= ^^(a;(0, m)) [p™ ■ {fmPT. fnP])T''] {<rn, m V n))bj{y{0, m V n)) 



fff^(x(0,m))[pf'(a;(m,mVn ))]V^(A^)/ „([A,„a"(x)](0,n)) 

^„(|/(0,n))[p^"([A„a™(x)](n,mVn))]2 

if |/(n, m V n) = [Xma"^{x)] {n, m\J n) 
\ otherwise. 
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Hence, if y{n,in V n) 7^ [A^(T"*(x)](n, m V n) then each of the right-hand side of 
(5.8) and (5.9) is equal to zero; and if y{n,m y n) — [\jna^{x)\{n,m V n) we calcu- 
late: 

= U=i J:T=i 9m{x{0, m))[p-(x(m, m V n))]'UK^ 

/„([A^a"^(x)](0,n))^„(y(0,n))[p,"([A^(j"^(x)](n,mVn))]2 

= 5^(a;(0, m))/„(AJ/„([A^a"(x)](0, n))^„(y(0, n)) 
as required. □ 

Theorem 5.20. Let A be a compactly aligned topological k-graph. Let Ga and Q\ he 
Yeend's path groupoid and boundary-path groupoid for A, let C*(Ga) o-nd C*(^a) o^nd 
C*{G\) and C*{Q\) be the associated full and reduced C* -algebras, and letq: C*{G\) — > 
C*{Ga) be the quotient map. Let X be the product system defined by Proposition 5.9 and 
let Tp^.: Tcov{X) C*{G\) be the homomorphism obtained from the universal property 
of%ov{X) and Proposition 5.19. 

Then is an isomorphism, the canonical maps C*{Ga) — > C*{Ga) and C*{Q\) — > 
C*.{Ga) are isomorphisms, and there is a unique ^-isomorphism 0: C*{Qa) — > MOx 
which makes the following diagram commute. 

T^,{X) C*(Ga) 

qCNP 1 

MOx ^ C*{Ga). 

Proof. Since ip{X) generates C*{Ga), it follows that is surjective. Let ttga denote 
the canonical factor map from C*{Ga) to C*.{Ga) and let ijj^ := tt^^ o ip^,. Wc aim to 
show that it injective. It will then follow that both and ttg^ are isomorphisms. 
The canonical continuous cocycle c : {x, m,y) ^ m from Ga to Z'^ induces a strongly 
continuous action of T'^ on C*(Ga) (cf. [34, Proposition II. 5.1]) and thereby a coaction 
P of on C*{Ga) satisfying [3{f) = f ® ij^k{m) whenever supp(/) C c^^im). Thus 
is equivariant for 5 and (3. Since Z^ is amenable, the coaction 5 is normal, so it is 
enough to prove that ker?/'* fl = {0} which we will do now. It follows from equation 
(3.6), Lemma 3.6 and [1, Lemma 1.3] that it is enough to prove that ker ■0* fl Bp — {0} 
for each F e 'Pl^{P). For this, we fix F e V^ni^) generalised compact operators 
Tp e JC{Xp) for p e F such that 

(5.10) ^^.(i|)(r,)) = o. 

We use induction over the number of elements in F to show that Tp = for each p & F. 
Proposition 5.17 implies that the representation ttg^ o ^ is injective. Thus it follows 
from Lemma 2.4 of [21] that ip^, o i^p = {ttg^ o iIj)'^^^ is injective for all p G N'^. So if 
F — {p}, then Tp — 0. Assume then that F consists of more than one element. Let po 
be a minimal element of F. Then p po for all p e F \ {po}. It follows from Lemma 
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5.18 that if {x,0,y) e Ga with d{x) = d{y) = po, then ^,(«^'(rp))((a;, 0, y)) = for 

all p e F \ {po}. The assumption (5.10) then implies that 0,y)) = 

for all {x,0,y) G Ga with d{x) = d{y) = pq. It then follows from Lemma 5.18 that 

'4'*{i^x^\TpQ)){{x,p,y)) = for all {x,p,y) G Ga, and thus that ip^,{i^^''\Tp^^)) = 0. As 



before, this implies that Tp^ = 0, and it then follows from our inductive hypothesis that 
Tp = for every p E F. Thus V'* is injective. 

Let TTg^ denote the canonical map from G*(^a) to G*(^a) and let p : X ^ G*(^a) be 
the Toeplitz representation vrg^ o qoip. Then Proposition 5.19 implies that p is a Nica 
covariant representation of X which generates G*(^a)- Proposition 4.3 of [37] implies 
that : A ^ C*{Q\) is injective, so p is injective as a representation of X. As above the 
canonical coaction {x,m,y) i— > m from ^a to N*' induces a coaction 7 of iJ^ on G*(^a) 
such that 7(p(x)) = p{x) ® ijj^{d{x)) for x E X. Thus p is gauge-compatible. As noted 
in the proof of Corollary 4.14, a product system over N*^ is automatically 0-injective. 
Thus it follows from Theorem 4.1 that there exists a surjective *-homomorphism </>' : 
G*(^a) — ^ such that 4>' o vrg^ oqoip^ = gcNP- Let := 0' o ttq^. We will show that 

(f) is injective. It will then follow that tt^^ is an isomorphism from G*(^a) to G*(^a), 
and that is an isomorphism from G*(^a) to AfOx such that (j) o q o ip^, — qcNP- The 
various maps defined so far are summarised in the following commuting diagram. We 
have established already that all three maps in the top row are isomorphisms: 



c;{Ga) 




qcNP 



NO 




C*r{QA) 



To show that cp is injective it suffices to prove that ker(gcNP ° ^) C ker(g o tIq]J. 
Since Q\ — Gaiqa it follows that ker(g o n^^) is the closure of 

{/ G Gc(Ga) I f{{x,m,y)) = if {x,m,y) G Ga and x,y e dA}. 

It follows that there is an approximate identity for kcr(g o tt^^) in Co{G^^^ \ dA), and 
ker(g o vr^^) is therefore generated by its intersection with Go(Gj^''), and thus by its 
intersection with G*(Ga[c]) where Ga[c] is the subgroupoid c^^{{0}) = {{x,m,y) G 
Ga I m = 0}. Thus it follows from Proposition A.l that (3 induces a coaction p^'^^^'^°'^Gf,) 
of Z*^ on G*(^a), which is normal since Z'^ is amenable. Since qcNP°'4'*^ is equivariant for 
P and it follows that it suffices to show that ker(gcNpO'0^^)nG*(GA[c]) C ker(gf0 7r^^). 

By [37, Theorem 3.16], Ga, and thus Ga[c], are r-discrete, and since Ga[c] is also 
(essentially) principal, [34, Proposition II. 4. 6] implies that 

Y:^{xe Gf I f{{x, 0, x)) = for all / G ker(?cNP o C^) n G;(Ga[c])} 



36 TORE M. CARLSEN, NADIA S. LARSEN, AIDAN SIMS, AND SEAN T. VITTADELLO 

is a closed GAfcJ-invariant subset of G^^'' such that ker(gcNP o V'hT^) H C*{G/^[c\) is the 
closure of 

{/ e C,{Ga[c]) I fiix, 0, y)) = if (x, 0, y) e Ga[c] and x,y e Y}. 

We claim that Y is not just Ga[c] -invariant, but also GA-invariant; indeed if {x, m, y) e 
Ga and x ^Y, then there exists / e ker(gcNpoV'r^) I^C'*(G'a[c]) such that f{{x, 0, x)) ^ 
0. Since G\ is r-discrete there is g E Cc{G\) such that is supported on a subset on 
which the source map is bijective, and such that g{{x,m,y)) = 1. We then have that 

{9**f*9){{y,o,y)) 

= ^{y,m^,z^),{z2,m,,y)eGM(^^^ ""^1' " ^2, ^2))^((^2, ^2, y)) 

= ^((x, m, y))f((x, 0, m, y)) = /((x, 0, x)) ^ 0. 

Let be the conditional expectation of C*{Ga) onto C*{Ga[c]) induced by the coaction 
p. Then ^l^{g* * / * g){{y, 0, y)) ^ {g* * f * g){{y, 0, y)) 0, and since ker(gcNP o -0-1) 
is generated by its intersection with the subset of C*(Ga[c]) it follows from [14, 

Theorem 3.9] that $^(51* * f * g) e ker(gcNP o H G;(Ga[c]). Thus y ^Y, showing 
that Y is GA-invariant. Since gcNP o "^7^ is injective on 7rGA(''/'(Go(A*^°)))) we must have 
that vY 7^ for all v e A°. Thus F is a closed and invariant subset of G'^^ which 
satisfies that vY ^ for all v e A°. It therefore follows from Proposition 5.16 that 
dK C Y. Thus ker(gcNP o n G;?(Ga[c]) C ker(5 o tt^^), as claimed. □ 

By combining Theorem 5.20 with Corollary 4.14 we get the following gauge-invariant 
uniqueness result for G*(^a)- 

Corollary 5.21. Let A be a compactly aligned topological k-graph. Let Q\ he Yeend's 
boundary-path groupoid for A, and let C*{Qa) be the associated full G* -algebra. Let 
ijj: X ^ C*{Ga) be the map from Proposition 5.17. 

A surjective *-homomorphism (f) : C*{Qa) ^ B is injective if and only if 

(1) there is a strongly continuous action a of T^' on B such that az{4>{ip{x)) — 
zd(^)(l){^P{x)) for allxeX and z e T^ and 

(2) 0|v,(Co(AO)) : B is injective. 

We note that Yamashita in [36] has studied MOx under the assumption that A is 
row-finite and without sources. Among other things he shows a Cuntz-Krieger type 
uniqueness theorem for NOx and gives sufficient conditions for when NOx is simple 
and purely infinite. 

Appendix A. Coactions, quotients and normality 

Proposition A.l. Let A be a G*-algebra carrying a coaction 5 of a discrete group G. 
Let I be an ideal of A which is generated as an ideal by Jf := I n A^. Letqj: A^ A/ 1 
be the quotient map. Then there is a coaction of G on A/ 1 such that 

(A.l) 5^ o qj ^ {qj ®\dc*{G)) ° 5. 

Proof. The proposition is trivially true HA — {0}, so we may, and will, assume that A 
contains a non-zero element. 
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To define the homomorphism 5^, observe that for a e A^, we have (g7(8)idc*(G))o5(a) = 
q'/(a)®iG(e), which is equal to zero if and only ifa e /; that is ker((g/®idc*(G))°^)'~lAf = 
if. Since / is generated as an ideal by Jf, it follows that / C ker(g/ ® idc;*(G)) ° 
and hence (g/ ® i(\.c*{G)) ° ^ descends to a homomorphism : A/ 1 —>■ {A/ 1) (g) C*{G) 
satisfying (A.l). 

We will show that 5^ is a coaction. Since G is discrete, it suffices to show that is 
nondegenerate and injective and satisfies the coaction identity (see [29. Section 1]). It 
follows from [29, Corollary 1.6] that A^ contains an approximate identity (ma)aga ^ot A. 
To see that 6^ is nondegenerate, note that (5'/('Ua))aga is an approximate identity for 
A/I. Since each G Af, we have S^{qi{ux)) = qi{u\) ® \dc*(G) for all A, and hence 
(5^(ua))aga is an approximate identity for {A/I) ® G*{G). So is nondegenerate. 

To see that S is injective, let e: C*{G) — > C be the augmentation representation 
ioig) 1 for all g E G. For g E G and a E A^, we have 

(idA//<8)e) o 5^{qi{a)) = (id^// <8)e)(g/(a) i^iaig)) = g/(a) (g) 1. 

Lemma 1.5 of [29] shows that A = span (Upgc^g)' preceding calculation together 

with linearity and continuity of the homomorphism (id^// (8)e) o S show that 

(id^/j (8)e) o (^■'^(x) = x (8) 1 

for all X e ^//. Hence (id^// (8)e) o is injective, and in particular, is injective. 

To see that satisfies the coaction identity, let Sq be the comultiplication on G*{G), 
Hx g E G and a E A^, and calculate 

{idA/i ®Sa) o d^{qi{a)) = qj{a) ioig) (8) ioig) = {S^ ® idc*(G)) o S\qi{a)). 

It then follows from linearity and continuity that {idA/i <S>Sg) o — {S^ <S) idc''{G)) ° 
We have now established that 5^ is a coaction. □ 

Remark A. 2. One could also prove Proposition A.l by using the duality between coac- 
tions of G and topological G-gradings (cf. [29]) and [14, Proposition 3.11]. 

Notation A. 3. Given a discrete group G, we will write for the left regular repre- 
sentation of G on £'^{G), and also for the resulting homomorphism of G*{G) onto G*{G) 
obtained from the universal property of G*{G) applied to AG- 
Lemma A. 4. Resume the hypotheses of Proposition A.l. The following are equivalent. 

(1) 5^ is normal. 

(2) is faithful on positive elements. 

(3) (id^// ®\g) o 8^ is injective. 

(4) ker((g/(g) Ag) 0(5) =7. 

Proof. The equivalence of (1) and (2) is an application of [29, Lemma 1.4]. The equiv- 
alence of (1) and (3) is by definition of normality: see [11, Definitions A. 39 and A. 50]. 
To establish the equivalence of (4) and (3), just observe that 

{qi ® Ag) o (5 = {idA/i ®Ag) o {qi ® idG*(G)) °5 = (idA// ®Ag) o 5^ o qj. □ 

Recall that a discrete group G is called exact if its reduced C*-algebra G*{G) is exact. 

Proposition A. 5. Let G he a discrete group. Then the following are equivalent: 
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(1) G is exact. 

(2) For every normal coaction S of G on a G*-algebra A, and every ideal I of A 
which is generated by its intersection with A^, the induced coaction 5^ of G on 
A/ 1 is normal. 

Proof. Assume that G is not exact. Then there exists a C*-algebra A which has an ideal 
/ such that / ® G*{G) C kei{qi ® idc*(G)) where qi: A A/ 1 is the quotient map. Let 
Sg denote the coaction of G on G*{G) given by 5g;(Ag(5i)) = Xcid) ® icig) for all ^ e G 
(see [30, Example 1.15] or [28, Proposition 2.4]). The *-homomorphism 5 := 'k\a®5g 
is then a coaction oiG on A® C;{G). Let A: C;{G) C;{G) ® C;{G) be given by 
A(a;) = a; ® a; for all X G C*{G). We then have that (id^(g,c';(G) ®^g) °5 = iAa ® A, from 
which it follows that (id^(g,c*(G) ®Ag) o(5 is injective, and thus that 5 is normal. It is easy 
to check that {A ® G;{G))(^ A (g) 1c;(g), and that the ideal I ® G;{G) of A ® G;{G) is 
generated by its intersection with A<S)idc*{G)- We have that (?7(g)C;(G) ® Ag) o5 — qi<S>^ 
from which it follows that 

/ ® G;{G) C ker {qi ® idG;(G)) C ker(g/ ^ A) = ker((g/^c,*(G) ® Ac) o 5), 

so it follows from Lemma A. 4 that S^^c^riG) not normal. 

Assume now that G is exact and let 5 be a coaction of G on a C*-algcbra A, and / 
an ideal of A which is generated by its intersection with A^. If a; G keT{{qi ® \g) ° 
then (id^ <8)AG)(5(a;)) ker(g7 idG;(G)) — I ® G*{G), from which it follows that x E I. 
Thus ker((q'/ (g) Aq) o S) — I, so it follows from Lemma A. 4 that 6^ is normal. □ 

Remark A. 6. The first half of the proof is essentially taken from [14, page 61], and is 
adapted to our coaction framework. 
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